(3x  IIBB1* 
WflWOTMK 


Digitized  by  the  Internet  Archive 
in  2019  with  funding  from 
University  of  Alberta  Libraries 


https://archive.org/details/Paranjape1979 


THE  UNIVERSITY  OF  ALBERTA 


PRESS  RELEASE 

NAME  OF  AUTHOR:  Manu  B.  Paranjape 

TITLE  OF  THESIS:  Field  Theory  of  Hydrodynamics 

DEGREE  FOR  WHICH  THESIS  WAS  PRESENTED:  M.  Sc. 

YEAR  THIS  DEGREE  GRANTED:  1979 

Permission  is  hereby  granted  to  THE  UNIVERSITY  OF 
ALBERTA  LIBRARY  to  reproduce  single  copies  of  this 
thesis  and  to  lend  or  sell  such  copies  for  private, 
scholarly  or  scientific  research  purposes  only. 

The  author  reserves  other  publication  rights,  and 
neither  the  thesis  nor  extensive  extracts  from  it  may 
be  printed  or  otherwise  reproduced  without  the  author's 
written  permission. 


THE  UNIVERSITY  OF  ALBERTA 


FIELD  THEORY  OF  HYDRODYNAMICS 


by 


MANU  B.  PARANJAPE 


A  THESIS 

SUBMITTED  TO  THE  FACULTY  OF  GRADUATE  STUDIES  AND  RESEARCH 
IN  PARTIAL  FULFILMENT  OF  THE  REQUIREMENTS  FOR  THE  DEGREE 

OF  MASTER  OF  SCIENCE 


DEPARTMENT  OF  PHYSICS 


EDMONTON,  ALBERTA 


FALL,  1979 


THE  UNIVERSITY  OF  ALBERTA 


FACULTY  OF  GRADUATE  STUDIES  AND  RESEARCH 

The  undersigned  certify  that  they  have  read,  and 
recommend  to  the  Faculty  of  Graduate  Studies  and  Research, 
for  acceptance,  a  thesis  entitled  FIELD  THEORY  OF  HYDRO¬ 
DYNAMICS,  submitted  by  Manu  B.  Paranjape,  in  partial 
fulfilment  of  the  requirements  for  the  degree  of  Master  of 
Science . 


ABSTRACT 


We  consider  the  field  theory  of  barotropic,  inviscid 
hydrodynamics.  Introducing  the  Clebsch  transformation,  we 
are  able  to  obtain  the  classical  hydrodynamic  equations 
from  a  Lagrangian,  through  a  variational  principle.  Using 
the  canonical  quantization  procedure,  we  quantize  the  hydro- 
dynamic  field  equations.  We  find  conserved  currents  from 
invariant  transformations  and  the  Noether  theorem.  We  can 
obtain  the  results  of  previous  authors  concerning  the 
spectrum  of  elementary  excitations.  Finally,  we  observe  the 
spontaneous  breakdown  of  symmetry  in  hydrodynamics,  and 
determine  the  origin  of  the  resulting  Goldstone  boson. 
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CHAPTER  I 


INTRODUCTION 

The  theory  of  fluids  can  be  formulated  from  two 
general  viewpoints;  the  microscopic  and  the  macroscopic 
viewpoints.  The  microscopic  theory  attempts  to  explain 
the  behaviour  of  the  fluid  from  the  dynamics  and  interac¬ 
tions  of  the  individual  constituent  particles,  quantum  or 
classical,  that  make  up  the  fluid.  Although  such  a  descrip¬ 
tion  can  yield,  if  exactly  solved,  the  complete  description 
of  the  fluid,  it  will  always  be  specialized  to  the  particular 
system  under  consideration.  One  must  specify  the  dynamics 
and  interactions  of  the  constituent  particles  completely. 
Independently  of  the  nature  of  the  constituents,  the  fluid 
must  satisfy  the  macroscopic  balance  equations;  and  the  two 
lowest  order  of  these  are  commonly  called  the  hydrodynamic 
equations.  The  relationship  between  equilibrium  statistical 
mechanics  and  thermodynamics,  is  the  most  obvious  example  of 
this  situation.  Any  microscopic  theory  must  not  contradict 
the  results  of  a  purely  macroscopic  theory. 

This  thesis  project  is  on  the  hydrodynamic  equations. 
We  will  study  these  equations  from  the  field  theoretical 
viewpoint,  both  classical  and  quantum.  These  equations  are 
usually  the  two  lowest  order  macroscopic  balance  equations, 
representing  mass  conservation,  and  the  conservation  of  the 
three  components  of  momentum.  Thus  we  have  four  equations 
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between  the  five  field  quantities,  the  density,  the  three 
components  of  velocity,  and  the  pressure.  To  close  this 
system  of  equations,  we  must  externally  put  in  a  constitu¬ 
tive  relation.  For  this  entire  thesis,  we  will  assume  that 
pressure  is  a  known  function  of  density  alone.  This  is  the 
condition  of  barotropy.  Even  though  such  a  condition  severely 
restricts  the  applicability  of  the  theory,  without  such  a 
simplification,  the  field  theory  of  the  equations  is  almost 
impossible.  We  still  have  some  freedom  under  this  constraint, 

since  the  functional  dependence  of  pressure  on  density  is  not 

* 

specified . 

VJe  will  consider  the  hydrodynamic  equations  as  field 
equations,  and  the  hydrodynamic  variables  as  field  quantities. 
The  equations  of  hydrodynamics  have  two  different  forms,  the 
Euler  equations  and  the  Lagrange  equations.  The  Lagrange 
equations  consider  the  motion  of  infinitesimal  mass  elements, 
and  give  the  behaviour  of  the  system  as  a  function  of  initial 
coordinates  and  time.  Such  a  representation,  though  equiva¬ 
lent  to  the  Euler  representation,  is  not  amenable  to  the 
field  theoretical  view,  as  it  contains  reference  to  initial 
coordinates.  The  Euler  equations  are  relations  between  the 
density,  velocity  and  pressure,  considered  as  functions  of 
space  and  time  coordinates,  so  are  exactly  in  the  form 
required  for  a  field  theory.  We  will  consider  the  field 
theory  of  hydrodynamics  in  the  Euler  formalism. 
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We  will  first  consider  the  classical  field  theory  of 
hydrodynamics.  We  will  then  quantize  under  the  procedure 
of  canonical  quantization.  We  can  familiarize  ourselves  with 
the  quantum  field  theoretical  technique  through  studying  this 
system  as  a  specific  example.  Using  the  Noether  theorem, 
we  can  construct  many  conserved  currents  due  to  invariant 
transformations  of  the  equations.  Studying  the  generators 
of  the  transformations,  and  the  transformation  properties  of 
field  quantities,  we  find  some  cases  of  spontaneously  broken 
symmetry.  Thus  we  have  a  chance  to  study  the  technique  of 
spontaneous  symmetry  breakdown.  Studying  the  spectral  repre¬ 
sentations  of  the  two  point  functions  associated  with  the 
spontaneous  symmetry  breakdown,  we  can  establish  the  origin 
of  the  Goldstone  boson.  Finally,  we  close  with  a  discussion 
of  the  transverse  excited  mode,  and  Kubo  type  expressions  for 
transport  coefficients  such  as  viscosity  and  future  problems. 


CHAPTER  II 


CLASSICAL  FIELD  THEORY  OF  HYDRODYNAMICS 


The  Hydrodynamic  Equations 

The  usual  equations  of  hydrodynamics,  in  the  Euler 
formalism,  are  expressions  of  the  conservation  of  mass  and 
conservation  of  momentum.  They  are  derived  from  the  straight¬ 
forward  applications  of  these  principles,  to  a  continuous 
medium,  where  p(x,t)  and  V(x,t)  are  the  density  and  velocity 
of  the  medium  at  position  x  and  time  t.  The  conservation  of 
mass  is  in  the  form  of  a  continuity  equation, 


+  3 . (pV. )  =  0  (2.1) 

d  t  1  1 

The  equation  resulting  from  conservation  of  momentum  is 

3V. 

7T- -  +  (V  .9  .  )V.  =  -  —  3  .  p  (  p )  ,  i  =  1,2,3.  (2.2) 

9 1  j  j  i  pi 

p(p)  is  the  pressure,  where  we  have  assumed  it  is  a  function 
of  p  alone,  but  the  explicit  dependence  is  not  specified,  and 
is  to  be  supplied  externally. 

To  obtain  these  equations  from  a  Lagrangian  one  must 
modify  them  somewhat  by  integrating  the  equation  of  conser¬ 
vation  of  momentum,  and  introducing  new  hydrodynamic  variables. 
The  first  successful  demonstration  of  a  Lagrangian  which  gave 
the  equations  of  hydrodynamics,  under  the  constraint  of 
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1  2 
barotropy,  was  by  Bateman  .  Following  the  work  of  Hill  , 
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Clebsch  and  Lamb  ,  Bateman  supplied  the  Lagrangian  for  a 
barotropic,  inviscid  fluid.  Crucial  to  this  Lagrangian,  is 
the  Clebsch  transformation  of  hydrodynamic  variables. 

The  Clebsch  transformation  is  given  by 

V.  =  -  3^<j>(x,t)  +  X(x,t)  3^iJj(x,t)  .  (2.3) 

A  totally  arbitrary  velocity  may  be  expressed  in  terms  of  the 
Clebsch  potentials  <j>(x,t),  X  (x,  t)  ,  and  ip(x,t),  as  long  as  the 
lines  of  the  curl  of  that  velocity  are  integrable  as  the  inter¬ 
section  of  two  surfaces.  So  if 


Co  =  V  x  v 


(2.4) 


and  the  lines  of  a)  are  integrated  as  the  intersection  of 
a(x,t)  =  constant  and  $(x,t)  =  constant,  we  have 


03  =  P  (x,  t)  (Va  x  V3) 


(2.5) 


But 


V -2  =  VP-  (Va  x  V$)  =  0 


implies 

3  (P  ,  a  ,  3  ) 

3  (x, y , z) 


(2.6) 


(2.7) 


which  is  just  the  condition 
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P  =  P (a , £ )  .  (2.8) 

If  X  and  ip  are  functions  of  a  and  3/  that  is 

A  =  A  ( a , 3 )  (2.9a) 

ip  =  ip  (a,  3)  ,  (2.9b) 

then 

VX  X  v<l>  =  If-'-li  (Va  X  Vg)  .  (2.10) 

a  V  OL  r  p  ) 

So  we  need  to  solve 


P  (a  ,  3  ) 


9  (A,tJj) 

9  (a, 3) 


(2.11) 


which  has  an  infinity  of  solutions, to  guarantee  that  we  can 
find  A  and  ip  so  that 


w  =  VA  x  V\p  .  (2.12) 


Now  it  is  an  easy  matter  to  find  <f> ,  since 


-  Vcf>  = 


->• 

V 


-  A  V 


<P 


(2.13) 


and  we  know  this  equation  is  consistent  since  the  curl  of 
both  sides  vanishes.  So  taking  the  divergence  of  both  sides, 
we  simply  have  a  Poisson  equation  for  (p ,  and 


<J>  (x,  t) 


d3x 


G (x,  x  '  )  V  '  *  (A (x 


,  t)V  '  ip  (x'  ,t )  -  V  ( x  1  ,t)) 


(2.14) 


where  G(x,x')  is  the  Green's  function  for  the  Poisson  equation. 
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Then  replacing  the  Clebsch  potentials  in  the  velo¬ 
city,  in  the  momentum  conservation  equation,  we  get 


(-V4)  +  XVip )  +  (  (-  V<j>  +  XVip  )  •  v)  (-V<p  +  XVip)  =  --  V  (p  (p))  .  (2.15) 

P 


9  t 


Simplifying 


V  (-<p  +  XtJi  )  -  ( VX  )  tJ;  +  XVip  +  k  V  (-V4>  +  XVip)  2 


-  (-Vcp  +  X^ip)  x  (V  x  (XVip)]  =4 


fR 


,  1  9pv  A 
(-  dp 

p  9p 


^P, 


J 


(2.16) 


where 


.  ->■ .  ->• 
(A-V)  A  = 


1  .  ->■  -V. 

j  V  (A- A)  -  Ax  (V  x  A) 


(2.17) 


was  used,  and  pQ  is  a  space  and  time  independent  constant, 
So  finally  we  get 


1  -y  -+  -v  -> 


V{(j)  -  Xip  -  y  ( —  V  cp  +  XVxi» )  •  (-V<J>  +  XVip)  - 


i  ^  dP} 

P  9p 


.  -y 


=  -  V X Tp  4-  X Vip  -  (-V<|)  +  XVip)  x  (VX  x  Vip) 


(2.18) 


Now  the  right  hand  side  of  this  expression  is  equal  to 


R.H.S.  = -  VXip  +  XVip  -  (VX  (-Vcj>  +  XVip)  -Vip  -  Vip  (-Vet )  +  XVip)  -VX) 


=  -  VX  (ip  +  (-V<p  +  XVip)  -  Vip)  +  Vip  (X  +  (-Vcj)  +  XVip)  •  vx) 


%  — y 


VX(2f)  +  fy<§£> 


(2.19) 


■ 
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where 


D 

Dt 


a 

at 


-¥  -> 
+  V  •  V 


(2.20) 


the  Lagrange  derivative  or  derivative  following  the  motion. 

Now  it  can  be  proved  that  the  flux  of  the  curl  of  the 

velocity  through  any  surface  which  moves  with  the  fluid  is 
5 

constant  .  Thus  since  the  curl  of  the  velocity  was  given  by 
the  intersection  of  two  surfaces  if  we  allow  these  surfaces 
to  move  with  the  liquid,  they  will  continue  to  give  the  curl 
of  the  velocity  for  all  time.  Thus  we  can  put  the  constraint 
equations,  on  the  Clebsch  potentials  which  give  co, 


Dip 

Dt 


a^_ 

a  t 


+  V  •  Vijj 


0 


(2.21a) 


DX 

Dt 


ax. 

a  t 


+  v-vx 


0  . 


(2.21b) 


Thus  the  right  hand  side  of  equation  (18)  is  zero.  Then  we 
can  integrate  the  left  hand  side  of  equation  (18),  which  will 
give 


cf)  -  -  j-  (-  V(J>  +  XVili) 


(I  iE> 

P  3p 


dp  =  0 


(2.22) 


where  the  arbitrary  constant  of  integration  is  absorbed  into 
<f>  by  putting  (f>  (p  +  ct,  where  c  is  the  constant  of  integration, 
since  this  still  leaves  the  velocity  invariant.  We  will  call 
this  equation  the  Bernoulli  equation. 
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Lagrangian  and  Hamiltonian  Formalism 

Now  we  have  four  field  equations,  namely  the  continuity 
equation,  the  Bernoulli  equation,  and  the  two  constraint 
equations  (2.21a)  and  (2.21b).  We  wish  to  obtain  these 
hydrodynamic  equations  through  a  Lagrangian  and  variational 

g 

principle.  The  Lagrangian  originally  given  by  Bateman  is 


L  = 


.3 

d  x 


= 


d3x  (pU  -  Xiji  -Lv)2  -  o  (p  )  })  (2.23) 


where 


co  ( p ) 


p  (p)  -  p 

( - ^  dp 


and 


(2.24) 


P 


o 


'Po5 


(2.25) 


V  in  the  above  Lagrangian  is  to  be  considered  short  hand  for 
—  Vcf)  -h  XVip.  Varying  with  gives  the  continuity  equation  and 
varying  with  p  gives  the  Bernoulli  equation.  The  two  cons¬ 
traint  equations  come  from  varying  with  respect  to  X  and  \p . 

If  we  use  the  Bernoulli  equation  we  can  replace  in 
the  expression  for  the  Lagrangian  density,  giving 


o£(x) 


=  p 


(-  ^) 

P  9p 


dp 


P  (p  )  -  P  (pQ) 


2 

P 


(2.26) 


integrating  the  second  integral  by  parts,  we  get  the 
simple  expression 


- 
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of  (x)  =  p(p)  -  p(pQ)  •  (2.27) 

This  is  very  useful,  from  the  physical  point  of  view,  as  it 
gives  the  meaning  that  the  Lagrangian  is  the  pressure  fluc¬ 
tuation.  Through  the  variational  principle  we  are  minimizing 
the  pressure  fluctuation. 

Considering  p  and  A  as  canonical  coordinates  has  its 
drawbacks,  since  the  momenta  conjugate  to  these  variables 
vanish  identically.  On  the  other  hand  considering  cj>  and  ip 
as  canonical  coordinates,  and  the  Lagrangian  as  having  been 
obtained  from  a  Hamiltonian  via  a  Legendre  transformation, 
with  the  explicit  dependence  of  the  canonically  conjugate 
momenta,  on  the  time  derivatives  of  the  canonical  coordinates, 
not  yet  replaced,  is  a  much  more  consistent  view,  since  the 
conjugate  momenta  are  given  by 

it.  E  51  =  p  (2.28) 

*  3$ 


it  =  — ^  =  -  p  A  (2.29) 

*  34 


which  can  be  used  to  just  eliminate  p  and  A.  Then  defining 
the  Hamiltonian  in  the  usual  way,  we  get 


H 


d3x 


JHx) 


d3x  (p<f>  +  ( —  p  A  )  ip  -  £] 


d3x(y  p  (V)2  +  pco(p)) 


(2.30) 
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where  we  write 


V 


V<j>  -  —  ^ip 
p 


(2.31) 


and 


TT 


p  A  . 


(2.32) 


The  Hamiltonian  density  is  positive  definite  if  poj(p)  is 
positive  definite.  From  the  form  of  co  (  p  )  ,  this  can  be 
ensured  by  restricting  p(p)  to  be  a  monotone  increasing  func¬ 
tion  of  p  over  the  positive  real  axis,  however  this  is  not  a 
necessary  restriction,  although  it  is  physically  reasonable. 

So  written  in  terms  of  the  canonical  coordinates  and 
conjugate  momenta,  the  Hamiltonian  density  is 


'P  (p)  "  PJ 


dp 


(2.33) 


The  canonical  equations  yield  the  four  hydrodynamic  equations 


(2.34a) 


V • (pV) 


(2.34b) 


P 


6  (p 


(2.34c) 


6  ip 


V .  (ttV  ) 


( 2 . 34 d) 


s 


12 


where 


6f  (xT  3f  i  93  .f 


6  _  9  ,  9 


(2.35) 


i 


The  independent  variables  then  are  (J)  and  ip  with  canonically 
conjugate  momenta  p  and  tt  respectively.  Then  this  system  is 
consistent,  there  is  no  difficulty  when  going  to  the  quantum 
theory  with  vanishing  conjugate  momenta. 

Conserved  Currents 

Now  since  the  equations  for  p  and  tt  appear  as  conser¬ 
vation  laws  one  would  expect  these  to  arise  as  Noether  currents 
from  invariant  transformations.  Using  the  form  of  the  Noether 
theorem  which  uses  just  the  Hamiltonian  formulation;  we  have 
the  Lagrangian,  written  in  terms  of  the  canonical  coordinates 
and  momenta  as  independent  variables,  is  invariant  under  the 
transformation 


(2.36) 


<p  cj)  1  =  <p  +  (p 


o 


where  d)  is  a  constant.  The  conserved  Noether  current  then  is 
o 


Nq  =  -  p  (5<f>)  =  -  p  c t>Q 


(2.37) 


and 


3  N 
y  U 


0 


(2.38) 
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gives  the  continuity  equation 


p  +  v- (pV)  =  0  . 


Furthermore,  the  transformation 


ijj  -*•  ifj '  =  ip  +  ifj 


o 


(2.39) 


(2.40) 


where  is  a  constant,  gives  the  Noether  current 


N  =  -  7 T  ill 

o  o 


N  .  =  -  77  V  .  ]p 
1  1  o 


(2.41) 


and  the  equation 


77  +  V  •  (ttV)  =  0 


(2.42) 


results  from  the  conservation  equation. 

The  equation  for  ifj  also  can  be  obtained  as  a  continuity 
equation,  since 


^  (p^)  +  V  •  (pipv)  =  0 


(2.43) 


This  equation  can  be  obtained  by  considering  the  transforma¬ 
tion 


cf)  -*■  cj> '  =  (p  +  eifj 

. 

77  +  77  '  =  TT  +  ep 


(2.44) 
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where  e  is  an  infinitesimal  parameter.  Then  the  Noether 
current  obtained  is, 


N  =  -  p  e  \Ij 
o 

► 


N  .  =  -  p  V .  e\p 

i  ^  i  Y 


(2.45) 


and  the  corresponding  conservation  equation  leads  to 

ip  +  V-VilJ  =  0  .  (2.46) 


One  transformation  under  which  the  Lagrangian  fails  to 
show  invariance  is  the  scale  transformation.  One  would  expect 
any  theory  to  be  invariant  under  a  scale  transformation,  since 
physically  the  theory  should  be  invariant  of  the  choice  of 
unit  dimension  taken.  However  due  to  the  existence  of 
constants  in  the  theory,  which  are  not  dimensionless, 
explicitly  p  ,  the  Lagrangian  fails  to  be  invariant  under 
the  theory.  The  infinitesimal  scale  transformation  is 


x  -►  x  =  ( 1  +  e )  x 
y  y  u 


e  an  infinitesimal 
constant 


(2.47) 


we  must  impose  the  transformation  of  the  field  variables  as 
to  their  dimension,  in  units  fi  =  c=l,  so 
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^ (x, t)  -*■  '  (x'  ,  t ' )  =  ( 1  +  e  )  <f>  (x,  t) 
ip  (x,t)  (x',t')  =  (1  +  e)}jj  (x,  t) 

< 

p(x,t)+  p* (x '  ,  t '  )  =  (1-  4e)p(x,t) 
it  ( x ,  t )  ->  Tr'Cx'.t')  =  (1-  4e)ir(x,t)  J 


(2.48) 


Then,  the  Lagrangian  is  transformed  as  the 
d4x  X  (x,t)  ->;d4x,/(x,,t,)  =  d4x  ( 1  +  4e)p(x,t)  (1-  4e) 

x  { (x,  t)  +  i(x,  t)  -  ^  V2(x ,  t)  —  co((.l  —  4e)  p  (x,  t)  )  } 

=  d4x  ( oC  (x,t)  +  4e  -8a^pp)  p2(x,t)) 

=  d4x  (oC(x,t)  +  4e  (p  (  p  )  -  p(pQ))]  (2.49) 

7  . 

We  can  see  the  scale  deficiency  is  given  by 

d4x  Ji  ($*  ,  t'  )  -  d4x  X  (x,  t)  =  d4x  (4e  (p  (  p)  -p  (  pQ)  )  )  . 

(2.50) 

Now  using  the  equation  of  motion,  we  have  shown  X (x)  = 
p  (  p  (x) )  -  p ( p  )  .  Thus 

d4x'  (x  '  ,  t '  )  -  d4xX(x,t)  =  d4x  (  4  e  X(x,  t)  )  .  (2.51) 
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The  Noether  current  is  defined  as 


SQ  (p  ( $  ~  +  7T(^_xvav^))  -to^((j),i|;/p/7T) 


}  (2.52) 


Si  =  -  (pvi  ( 4>  -  XV3V^)  +  pV±  ^  (Ip  -  x^d^ip))  -  ,1\),  p,7T) 


and  the  conservation  equation  is  modified  by  the  scale 
deficiency , 


=  -4  [p  ( p  )  -p(pQ))  =-4oC(x,t) 


(2.53) 


CHAPTER  III 


QUANTUM  FIELD  THEORY  OF  HYDRODYNAMICS 

Transition  to  the  Quantum  Viewpoint 

In  the  previous  section,  we  have  obtained  a  classical 
Lagrangian  and  Hamiltonian  formulation  of  the  hydrodynamic 
equations.  In  as  much  as  these  equations  truly  represent 
the  classical  behaviour  of  physical  system,  we  can  formulate 
the  quantum  behaviour  of  the  system  through  canonical  quanti¬ 
zation.  Canonical  quantization  is  not  the  only  way  of 

formulating  the  quantum  behaviour  of  a  hydrodynamic  system, 

9 

for  example,  Landau  formulated  quantum  hydrodynamics  through 
an  application  of  quantum  mechanics  to  the  equations  of 
hydrodynamics  and  reinterpreting  the  variables  of  density, 
velocity,  etc.,  in  terms  of  particle  quantum  mechanical 
operators.  However,  although  there  is  no  proof  that  canoni¬ 
cal  quantization  will  actually  describe  the  quantum  behaviour 
of  a  system,  it  will  give  a  logical  and  consistent  method  for 
quantization  of  the  system. 

In  the  quantum  formulation,  we  wish  to  reinterpret 
the  classical  field  variables  as  quantum  field  theoretical 
operators.  In  doing  so  with  a  classical  system,  there  are 
certain  ambiguities  which  surface^.  If  the  classical  equa¬ 
tions  contain  products  of  field  variables,  then  from  the 
quantum  viewpoint,  we  do  not  know  which  order  to  take  the 
product.  There  is  no  rule  which  satisfactorily  resolves 
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this  ambiguity.  In  certain  cases  we  can  apply  general 
rules  to  guide  us  in  choosing  the  appropriate  order  of 
factors.  For  example,  we  can  insist  that  the  Hamiltonian  be 
hermitean  and  lead  to  the  correct  equations  of  motion. 
However,  in  most  cases,  we  must  compromise  between  symmetri- 
zation  of  the  classical  expressions,  and  increasing  comple¬ 
xity  with  symmetri zation .  Another  aspect  of  the  classical 
equations  are  analytic  and  sometimes  non-analytic  (at 
certain  points)  functions  of  the  field  variables  which  may 
occur.  In  such  cases,  we  must  use  the  Taylor  expansion  of 
these  functions,  and  then  formally  associate  the  quantum 
field  operator  with  the  Taylor  expansion.  For  points  of 
singularity,  we  simply  assume  neither  the  classical  or 
quantum  expression  have  meaning  at  such  points. 

The  first  classical  expression  we  will  consider  is 
the  velocity.  Classically, 

V  =  -  V<f>  -  -  (3.1) 

P 

Now  the  variables  cj) ,  p,  \p ,  and  tt  can  straightforwardly  be 
interpreted  as  quantum  mechanical  operators.  Then  the 
function  1/p  has  a  Taylor  expansion  at  every  point  except 
p  =  0,  thus  it  will  be  interpreted  in  terms  of  its  Taylor 
expansion  about  the  equilibrium  density  pQ,  taken  as  a  c- 
number.  So  we  take 
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1  =  _1 
P  ”  P, 


o 


J 


(3.2) 


and  (p  -  p)  will  be  a  q-number.  Since  we  are  going  to  use 


canonical  quantization,  p  will  commute  with  all  ex¬ 
pressions  except  those  containing  <p ,  thus  we  will  expect 
1/p  to  commute  with  the  other  variables  in  the  second  term. 
Thus  we  put  forward  the  velocity  in  terms  of  quantum  field 
operators , 


(3.3) 


This  will  of  course  reduce  to  the  classical  expression  if  we 
allow  the  operators  to  commute. 

Next  we  wish  to  consider  the  Hamiltonian.  The  second 
term  in  the  Hamiltonian  density  is  a  function  of  p  only  so 
we  will  assume  that  we  stay  only  in  its  domain  of  analyticity, 
and  use  its  Taylor  expansion  for  the  quantum  viewpoint.  The 
first  term  in  the  Hamiltonian  density,  which  requires  modifi- 

2 

cation, is  hp (V)  .  As  all  the  fields  are  real,  the  condition  of 

hermiticity  implies  the  expression  be  symmetric  in  terms  of 
real  fields.  We  could  take  ^r(-j(  p  (V)  ~  +  (V)^p)]  ;  however  this 
kind  of  term  unduly  complicates  the  equations  of  motion.  It 
is  better  to  take  V*pV,  as  this  is  symmetric,  and  leads  to 
natural  generalizations  of  the  classical  equation.  Thus  we 


will  take  as  the  quantum  field  theoretical  Hamiltonian 
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H  = 


d  x  Mix)  = 


d3x(  yV.p.V  +  p  CO  (  p )  )  , 


(3.4) 


—r 

where  V  is  taken  as  the  quantum  velocity  defined  above. 

Canonical  Equations  and  Quantization 

We  find  upon  variation  with  the  canonical  variables, 
the  quantum  field  theoretical  equations, 


1  1  /^\2  1 
*  =  2  (V)  +2 


_1_ 

2p 


(tt  (Vip)  +  (Vip)  tt)  -V  +  V  —  (tt  (Vip)  +  (Vip)  it] 


2  P 


+ 


dp  ( p ) 
P 


(3.5a) 


•  1 

P  =  -  2  V*  (Pv  +  vp) 


(3.5b) 


i  =  -  j  (  (Vip)  -V  +  V-  (VifO) 


(3.5c) 


*  1  4- 

TT  =  -  2  V  •  (ttV  +  Vtt) 


( 3 . 5d) 


Again,  these  equations  will  reduce  to  the  classical  expres¬ 
sions  if  we  allow  the  variables  to  commute. 

To  formally  complete  the  quantization  of  the  hydro- 
dynamic  equations,  we  assume  the  canonical  commutation 
relations,  at  equal  time 


[  <J>  (x,  t)  ,  p  (x'  ,  t)  ]  =  i6(x-x') 


(3.6a) 


[ijj  (x,  t)  ,  77  (x  '  ,  t)  ]  =  i6(x-x') 


(3.6b) 


■ 
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and  all  other  commutators  zero. 

We  note  that  since  <j) ,  p,  and  it  are  real,  there  is  no 
ambiguity  with  the  statistics  of  the  corresponding  quanta; 
we  must  use  commutators,  not  anti-commutators,  and  the 
particles  will  obey  Bose  statistics. 

Physical  Commutators 

With  these  canonical  commutators,  we  can  derive  certain 
commutation  relations  between  operators  representing  more 
physical  quantities.  These  commutators  were  first  derived  by 
Landau,  using  his  form  of  quantum  hydrodynamics.  These  commu¬ 
tators  are  useful  in  further  work.  Firstly, 

[p  (x,  t)  ,V^  (x'  ,  t)  ]  =  -  19^  (5  (x  -  x  '  ) )  (3.7) 

which  is  easily  derived,  and  second. 


[V.  (x,  t)  ,V  . (x' , t) ] 
1  j 


i5  (x  -  x 1  ) 

p (x)  ei jk  wk 


where 


co  =  V  x  V  , 


(3.8) 


(3.9) 


which  requires  considerable  calculation. 

Conserved  Currents 

We  can  obtain  conserved  quantities  via  the  Noether 
theorem,  similarly  to  how  we  obtained  these  in  the  classical 


case.  The  obvious  invariances,  omitted  for  the  classical 
formulation,  space-time  translation,  space  rotation,  will 
be  discussed  now,  and  can  easily  be  applied  to  the  classical 
case.  First  we  will  redefine  the  Lagrangian,  as  a  function 
of  the  canonical  coordinates,  their  time  derivatives,  and 
conjugate  momenta,  by  a  symmetrized  Legendre  transformation 
of  the  Hamiltonian, 


L  =  I  d  x  a£(x)  = 


dJx(y(ip  +  pj))  +  ^(^TT  +  TT^)  -#(x)  ) 


O  T  ■]  -I 

d  x(y(4>p+  pi)  +y(i-rr  +  7ri)  -  —  V-p^  -  po)  (p)) 


(3.10) 


Now  this  Lagrangian  is  obviously  invariant  under  space-time 
translation 


x  x '  =  x  +  e  (3.11) 

u  y  y  y 


where  e 


y 

current 


are  infinitesimal  parameters, 
is  the  energy  momentum  tensor, 


The  conserved  Noethe 
T^ ,  and  is  given  by 


T  =  ^(tt  3  4>  +  9 .  <J>  tt  )  -  6  (^  i  tt  +tt(J)  -J4) 

ov  2  a  v  a  v  a  a  ov  2  a  a  aa 


T .  =-=- 

IV  2 


9  H  r  v  ,  n.  .  SH-  ]  o 

9  9.  (f)  v  a  \)  a  99,(j)  i  iv 
v  i  a  l  cr  ^ 


T(i  tt  +  tt  i  )  -M 
2  a  a  a  a 


}  (3.12) 


where  the  sum  over  a  is  over  all  canonical  coordinates. 
Explicitly 
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T 

oo 


T  . 
01 


T  . 
10 


M'  (3.13a) 

-  i(PV.  +  V.p)  (3.13b) 

4(4(pV.+V.  p)  i+i4(pV.  +V.  p)  +^(ttV.+V.  tt)  i+^(TTV.  +V.  tt)  ) 

2K2  i  i^TT2^i  2.  2  l  i  rr2  l  l  J 

(3.13c) 


T.  . 
13 


y(y(pV.+V.p)3  . 4>+  O  .cj))y(pV.+V.  p)+y(TrV.+V.7r)  (3  .ip) 

A  A  11  J  A  11  A  11  J 


+  (3  .ijj)  ^(ttV^+V^tt)  )  -  <5^  .  (j((j)p  +  p(fi)+^-(n4j+ijj'iT)  -&)  .  (3.13d) 


i , : 


l 


If  we  replace  the  expression  for  in  T__,  we  can  show  that 
T\_.  is  symmetric  in  i  and  j.  We  can  show. 


T.  . 
13 


1 

4 


|{p,3i0}/3^(j)|  +  -  {'iT,3iip},3j<f>j  +  1(^,9 i4>},3jip 


(3.14) 


Now  observing  each  term  in  this  expansion  and  noting  which 
variables  commute,  we  can  see  the  expression  is  symmetric 
in  i  and  j.  The  conservation  law  associated  with  this  Noether 
current  is 


3  T  =  0  .  (3.15) 

y  yv 

We  also  expect  the  theory  to  be  invariant  under  space 


rotation, 


t  -*  t' 


t 


-  Space  rotation  . 


(3.16) 


and  e .  .  =  -  e .  . 

ij  iD  J 

£^j  is  infinitesimal  and  antisymmetric.  Now  the  conserved 
current  is  given  by 

M . .  =  x . T  .  -  x . T  .  ,  (3.17) 

iDVi  1  P]  3  Pi 

where  T  .  is  the  enerqy-momentum  tensor  above.  The  conserva- 

y  d 

tion  equation  is 

3  M .  .  =0  .  (3.18) 

y  ijy 

One  other  transformation  under  which  we  expect  the 
Lagrangian  to  be  invariant  is  the  Galilei  transformation. 

This  is  since  the  classical  hydrodynamic  equations  were 
derived  from  the  principle  of  conservation  of  mass  and  momentum, 
these  are  both  Galilei  invariant  concepts.  We  get  the  hint  of 
the  transformation  properties  of  the  fields  from  knowing  how  the 
Schrodinger  field  is  transformed  under  the  Galilei  transforma¬ 
tion,  and  knowing  the  Schrodinger  field  is  equivalent  to  an 
irrotational  hydrodynamic  velocity  field  where  the  "pressure" 
term  may  depend  on  the  density  and  its  derivatives.  Thus, 
for  the  Galilei  transformation, 


I 
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x.  -*  X .  =  x .  +  v .  t 
1111 


t  +  t*  =  t 


v.  constant  velocity  of  Galilei  frame 

1  -1  J 


(3.19) 


if  we  impose 


<j)  (x,  t)  ■>  (p  '  (x  '  ,  t '  )  = 


d)  (x ,  t)  -  v.x.  -  —  v.v.t 
i  l  2  l  i 


~r  '  r  — r 

ij;  (x,  t)  ,ij;  (x,  t)  ,  and  p(x,t)  unchanged. 


we  can  show  that  the  Lagrangian  is  invariant.  So  we  have 
a  conserved  Noether  current,  for  each  independent  direction 

V 


N  .  (x,  t)  =  x.  p  (x,  t)  -  tj  (p  (x,  t)  V.  (x,  t)  +  V.  (x,  t)  p  (x,  t)) 
11  ^  11 


l  t  ,+ 


,  -> 


N..(x,t)  =  x .  i  (p  (x,t)V.  (x,t)+V.  (x,t)p  (x,t)l  +tT..(x,t) 

j  l  i2  ^  j  j  M  J  31  J 


^  (3.20) 


and  the  expression  for  T^_.  was  found  previously.  The  current 
conservation  law  is  of  course, 


9  N  .  =  0  . 

y  yi 


(3.21) 


We  find  the  Galilei  transformation  important  to  spontaneous 
symmetry  breakdown. 


26 


Spectrum  of  Elementary  Excitations 

The  Hamiltonian  is  given  by 


j  V-p-V  +  po)(p) 


=  y(-V<j>  -  -y-  (irVip+Vilnr)  j  p  (-V<p  -  y-  (  ttV^+V^tt  )  ]  +pco(p)  (3.22) 


+  ,  1  ,  ±  .  .  ± 


2  ^  ’  Y  2p  '  "  '  f  ■  '  y  i'  /  j  y  ^  •  Y  2  p 


74'=  y(Vcf>*pV(t)  +  V<j>*  (ttV^+Vi|;7t  )  +  -^-(ttV^+V^tt)  •  (nVip+Vipn )  J 


4  P 


?  p (p  )  -  p 


+  P 


-)  dp 


(3.23) 


Now  in  as  much  p  is  approximately  pQ  the  equilibrium 
density,  and  all  p  dependence  may  be  expanded,  even  in  terms 
of  operators,  about  p^;  we  can  write  p  =  pQ +  Sp 


M=j  P0((V<t>K?<B)  +  ( Po)  ]  ( 6  p  )  2  +  (V^>) -(6p  )*(Vcf,) 

po 


+ 


(Vcj))-  +  F 


JL  /  I  9Pn 
[  9  P  V  P  3  P  ' 


(6p) 


P=po 


+ 


1 


4P, 


9  (1^D, 

3  p 2  P  3p 


(6p) 


P  =  P; 


+ 


higher  order  terms 


(3.24) 
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Such  a  decomposition  of  the  Hamiltonian  was  first  given  by 
Landau  and  Khalatnikov"^.  Now  we  can  designate  the  various 
terms  in  the  Hamiltonian,  the  second  order  terms  are 


(3.25 


2  ^  p  9  p 
Ko  K 


which  is  the  contribution  to  the  phonon  or  longitudinal  wave 
spectrum; 


are  third  order  terms,  which  contribute  to  phonon-phonon 
and  phonon-roton  terms,  where  roton  identifies  transverse 
excitations . 


jbj4  =  — (TrVip+VipTT )  •  (ttVt|;+VtJ;7T  )  +  yj  ~ 


o 


Here  we  identify  the  first  term  as  the  contribution  of  the 
roton  energy,  the  second  as  some  higher  order  process. 

Now  we  can  obviously  not  totally  diagonalize  this 
Hamiltonian,  so  we  must  intuitively  pick  out  terms  of 
importance.  We  can  make  the  assumption  that  terms  of  higher 
order  are  of  less  importance. 

Then  to  lowest  order,  that  is  to  second  order, 


=  I  Po9*-**  +  I  (y  f>o>)  (Sp)Z 


(3.28) 
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Now  this  can  be  totally  diagonalized,  since  and  p  are  conju¬ 
gate  variables,  the  solution  is  simply  the  harmonic  oscilla¬ 
tor  spectrum. 

We  can  define  annihilation  and  creation  operators 
as 


ak  = 


1 


/2< 


p  /k  •  k 
o 


Pfe-  iipoA-k  qk 


(3.30a) 


ak  =  - 
k  /2c 


p  /  k  •  k 
o 


p,  +  i  /p  7k*k  q 


o 


(3.30b) 


where 


[ ak ' ak ' ]  6kk' 


[a  , ak , ]  =  0  =  [ak,ak , ]  , 


(3.31) 


and 


2  3p  .  v 

c  =  3?  ‘Pc’  ' 


(3.32) 


and 


_  1  r  ik-x 

6p  =  Of  I  pk  e 

V  “  k 


P  _  =  P 


t 


-k  ^k 


(3.33) 


1 


*  =  -r  I  q 


V  2  k 


lk .  x 


JL 

i 


q-k  =  qk 


(3.34) 


and  we  have  chosen  box  normalization  of  volume  V.  Then 


E  = 


J^{po)  £  /k-k  ( 


i  1 

akak  +  2 ^ 


(3.35) 
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SO  00 


(k)  /k-k  is  the  energy  spectrum,  which  is 


9  p  o' 

the  standard  spectrum  of  harmonic  excitations. 


Now  if  we  look  at  the  roton  energy  term,  we  have 


H 


roton 


-* 


4P, 


( tt Vip  +  Vipn)  •  (irVip  +  Vipir) 


(3.36) 


This  cannot  be  diagonalized  easily  without  further  transfor- 

12 

mations  at  the  classical  level,  so  following  Ziman  ,  define 


^  =  ^]/^2 


1  i2 


(3.37) 


or 


=  \p/2iT 


\p2  =  /2tt 


(3.38) 


This  transformation  can  be  demonstrated  as  canonical,  since 


(ip1(x/t)  fip2  (x1  ,  t)  } 


=  6 (x-x ' ) 


P.B. 


(3.39) 


Then 


7T 


=  J  (ip2vip1  -  ip^vip2) 


(3.40) 


Further  define 


Y  =  —  (t|>,  +  iip0) 
/2  1  2 


(3.41a) 


¥*  =  —  (i^  -  itK  ) 
✓2  1  2 


(3.41b) 


Then 


irVip  =  j  (^*V¥  -  W*) 


(3.42) 
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So 


V  =  -Vcj)  -  ('F* -  W*) 

2p 


(3.43) 


which  is  Hermitean  already.  That  is,  we  do  not  need  to  symme¬ 
trize  between  tt  and  Vij;  for  a  quantum  mechanical  velocity.  Now 
the  roton  hamiltonian  is 


roton 


(y*V¥  - 


With 


¥ 


=  \  l 

V2  k 


e 


,  -v 

lk .  r 


y  * 


-ik  •  r 


we  have  the  commutators 


(3.44) 


(3.45a) 


(3.45b) 


^dk ' ^k  '  ^ 


kk 


[dk'dk 


]  =  0  = 


fdk'dk 


(3.46) 


which  gives 


H 


roton 


d  x  1 


roton 


3p  V 
Ko 


{  * 

vu 


(k+n) • ( £+m)  5 


k , £ ,m, n 


.  .  d+  d+  d.  d 

k+£  ,m+n  m  n  k  Z 


+  J  (k • k  +  l-l)  d^  d  1  .  (3.47) 

k,Jl  K 

Now  this  expression  is  inherently  divergent  for  any 
excited  state,  thus  we  must  introduce  some  way  of  restrict¬ 
ing  the  values  attainable  by  the  wave  vector,  a  cut  off. 
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Physically,  a  very  large  wave  vector  is  meaningless  if  the 
medium  is  not  a  continuum,  as  is  the  case  with  any  real 
liquid.  A  way  of  introducing  such  a  cut  off,  analogous 
to  the  Debye  theory  of  specific  heats,  we  insist  for  N 
particles  that  we  require  only  6N  dynamical  variables  to 
specify  the  state  of  the  system.  The  momenta  of  the  atoms 
come  from  <f> ,  ¥,  and  ¥*,  thus  if  we  allot  3N  dynamical 
variables  to  these  three  potentials,  we  can  have  the  3N 


spatial  coordinates  of  the  system  depending  only  on  p.  This 

27Tn. 

provides  a  k 


max 


(V) 


~I?a/4  where  n^  =  3N,  counting  the 
1/3  3  max  '  ^ 


points  in  wave  number  space  inside  a  sphere  of  radius  n 
Then  integrating  inside  the  sphere  we  get 


max 


£ 


r  } 

c  % 

■max 

II 

• 

£  d£ 

« 

l  ( 

) 

4  7T  / 

5  lvl/3 


2  tt  n  5 
)  n 

max 


(3.48) 


or  the  energy  of  a  one  roton  state  of  wave  number  k  is  given 
by 


3  k 
8 


m 


(7.1) 


P 


2/3  -5/3 
m 
o 


(3.49) 


where  m  is  the  mass  of  the  constituent  atom,  given  by 
P  V 

ra  =  -2—  .  (3.50) 

N 

13 

Now  this  is  exactly  the  spectrum  postulated  by  Landau  ,  since 
the  momentum  of  a  one  roton  state  is  given  by 


32 


(3.51) 


So 


o 


4m 


(3.52) 


where  E  -  (7°K)  •  (k_) ,  which  is  in  good  agreement  with  speci- 

o  B 


fic  heat  data. 

This  above  reduction  of  the  Hamiltonian  into  phonon, 
roton,  and  interaction  terms,  and  subsequent  expressions  for 
the  energy  spectrum  cannot  be  considered  completely  satisfac¬ 
tory.  Primarily  because  we  have  just  selected  certain  special 
terms  from  the  Hamiltonian,  even  to  the  extent  of  rejecting 
terms  of  lower  order  in  the  field  variables,  to  get  the  phonon 
and  roton  spectrum  alone.  However,  we  should  realize  that  at 
extremely  low  states  of  excitation,  the  system  will  essen¬ 
tially  consist  of  non-interacting  quantum  excitations,  thus 


for  low  enough  temperatures  the  phonon  and  roton  energy 
spectrum  as  calculated  above,  must  be  applicable. 


CHAPTER  IV 


SPONTANEOUS  BREAKDOWN  OF  SYMMETRY  IN  HYDRODYNAMICS 

Generators  of  Invariant  Transformation 

From  the  classical  and  quantum  theory  of  the  hydro- 
dynamic  fields,  we  have  seen  that  the  hydrodynamic  equations 
are  invariant  under  a  number  of  continuous  transformations. 
Using  the  infinitesimal  versions  of  these  transformations, 
we  have  obtained  the  conservation  laws  associated  with  these 
symmetries  of  the  equations.  But,  we  have  not  yet  discussed 
the  generators  of  the  transformations. 


The  generator  of  a  transformation  can  be  constructed 


through  considering  the  transformation  properties  of  the 
Lagrangian.  For  an  invariant  transformation,  the  generator 
can  be  constructed  from  the  Noether  current.  One  should 
stress  that  this  is  not  always  true  for  a  non-invariant 
transformation.  For  a  non-invariant  transformation,  the 
generator  may  be  totally  unrelated  to  the  Noether  current. 

For  an  invariant  transformation,  the  generator  is 
related  to  the  Noether  current  by 


G  (t) 


(4.1) 


The  Lie  derivative  of  the  field  variable  6L(J>  ,  defined  as 

a 


e6Li  (x,t)  =  <J>'(x,t)  -  (p  (x,t) 

LX  L/C  (JC 


(4.2) 
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is  given  by  the  generator, 

6L4>a(x,t)  =  i  [<f>a  (x,  t)  ,G(t)  ]  .  (4.3) 

The  overall  internal  consistency  of  the  quantization  is 
checked  by  this  relation,  since  the  left  hand  side  is  purely 
a  transformation  property,  whereas  the  right  hand  side  is 
fundamentally  related  to  the  canonical  commutation  relations, 
and  the  transformation  properties  of  the  Lagrangian.  We  can 
show  the  generator  is  independent  of  time,  for  an  invariant 
transformation,  since 


_d_ 

dt 


G  ( t) 


t) )  =  0 

j 


(4.4) 


where  we  assume  the  integration  of  the  divergence  vanishes 
when  changed  to  a  surface  integral.  Therefore  from  now  on 
we  will  write  just  G  for  the  generator  of  an  invariant  trans¬ 
formation  . 

Spontaneous  Breakdown  of  Symmetry  and  the  Goldstone  Theorem 

The  Goldstone  theorem,  first  proved  by  Goldstone,  Salam, 
and  Weinberg‘S,  concerns  relativistic  quantum  field  theory. 

It  states  that  if  the  vacuum  expectation  value  of  the  Lie 
derivative  of  a  field  variable,  under  an  invariant  transfor¬ 
mation,  does  not  vanish,  then  there  exists  a  massless  particle. 

We  can  show  for  the  non-relativistic  theory  also  that 
such  a  particle  must  exist  for  a  spontaneously  broken  symme¬ 


try  . 


The  generator  of  an  invariant  transformation  is 


important  for  the  spontaneous  breakdown  of  symmetry. 
Suppose  the  vacuum  expectation  value  of  the  Lie  derivative 
of  a  field  variable  does  not  vanish.  Then, 


-  i<  0  I  6  <f>  (x,  t)  |  0>  =  <0  |  [<J>  (x,  t)  ,G]  |  0>  ^  0  .  (4.5) 
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Now  if  we  use  the  Ward-Takahashi  identity  ,  we  have 


—  i 6 L4)  (x,  t)  =  - 

a 


(4.6) 


where 


T($  (x,  t)  (x'  ,  t'  )}  =  0  (t-t '  )  $  (x,  t)y  (x1  ,  t'  )  + 


0 (t'-t) ¥ (x' , t' ) $ (x,  t) 


(4.7) 


for  any  Heisenberg  boson  operators  $(x,t)  and  y(x',t').  The 
second  term  vanishes  due  to  3 'N  (x',t')  =  0.  So, 

y  y 


i<0  |  <5%  (x,  t) 

QL 


3  '  <  0  |  T  (<£  ( x ,  t )  ,  N 

y  ^  a  y 


tf )} | 0> 


(4.8) 


Now  we  must  use  the  spectral  representation  of  the  vacuum 
expectation  value  of  the  time  ordered  product  of  the  two 
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field  operators.  This  is  equivalent  to  assuming  that  the 
Fourier  decomposition  of  this  two  point  function  exists.  So, 


<0  |  T  (<fc  (x,  t)  ,N  (x*  ,  t'  )  )  |  0> 

pi 


i 

(  2  TT  )  ^  • 


, 4  ip(x-x') 
d  pe  r 


Gu(P,Po}  • 


(4.9) 


(p,PQ)  is  given  by 


Gy  (P/PQ)  =  (  27t)  3 


dv 


Qy  (V,P) 


Qy (v,p) 


0 


(p  -v+iS )  (p  +v-iS ) 

^  n  n  J 


(4.10) 


where 


1  , 

ay (v,p) 


=  l 

X 


<0 


♦  (0) 

a 


P/V, X><p,v,X 


N  (0) 

y 


o> 


(4.11a) 


2 

a 

y 


(v,p) 


<0  N  (0) 

y 


-p, v, A><-p, v, X 


(j)  (0) 
a 


0> 


(4.11b) 


and 


4>  (0) 
a 


and 


V°> 


are  related  to  the  Heisenberg  fields  by, 


*a(x,t)  =  e  ipx  (M0)  elPx 
N  (5,t)  =  e'iPxNu(0)  eiPx 

pi  r* 

where  P  is  the  energy  momentum  four  vector  operator. 

The  index  X  denotes  all  other  observables  characterizing  the 
basic  states.  Taking  the  derivative  with  respect  to  x' ,  will 

y 

bring  down  a  -ip  ,  and  integrating  over  the  primed  spatial 
coordinates  will  cause  a  four  dimensional  delta  function  in  p  . 


That  is. 
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i< 0  |  5 L({)  (x ,  t)  | 0>  = 

Qt 


d4p  63  (p)  6  (pQ)  (p,PQ)  .  (4.12) 


We  have  assumed  the  left  hand  side  does  not  vanish,  thus  the 
right  hand  side,  which  is  just  p  G„ (p,p  )  evaluated  at  p  =0, 
must  not  vanish.  Now  if  we  look  at  the  same  quantity,  in  a 
rotated  coordinate  system,  and  if  we  assume  rotational  invar¬ 
iance,  the  result  p'G* (p',p')  must  be  invariant.  Therefore 

p  r* 

we  may  conclude 


PUGU<^,Po1  =  (P)2glhP)2 -P0}  -  Pog2(  (p)2 -pj  •  (4.13) 

Then  if  this  is  not  to  vanish,  at  p^  =  0,  then  either  must 
have  a  pole  singularity  of  the  form  1/  (p)  at  pQ  =  0,  or  g2 
must  have  a  pole  singularity  of  the  form  1/p3  at  p=0,  or  a 
combination  of  these.  We  cannot  get  the  exact  dispersion  rela¬ 
tion  from  this  alone,  however  we  can  see  the  energy  must  vanish 
for  zero  momentum,  the  spectrum  is  gapless. 

Now  if  we  look  at  the  original  condition,  that  the 
vacuum  expectation  value  of  the  Lie  derivative  of  the  field 
variable  does  not  vanish,  we  can  see  this  implies  that  the 
vacuum  is  not  invariant  under  the  transformation;  the  vacuum 
is  degenerate,  the  symmetry  is  broken.  Since  G  is  the  generator 
of  the  transformation,  we  can  define  the  unitary  operator  for 
an  infinitesimal  transformation, 

U  =  1  +  i£G  (4 . 14) 


where  e  is  an  infinitesimal  parameter. 


Then 
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<f> '  (x,  t)  =  <p  (x,  t)  +  e6L  cf>  (x,  t)  =  U  '  $  (x,  t)  U 
a  a  Ta  a 

using  the  relation 

6L(p  (x,t)  =  i  [<f>  (x,  t)  ,G] 

Ct  ut 

But  now  if 


<0  |  [cp  (x,  t)  ,G]  |  0>  ^  0 

ot 


this  implies. 


G  0  >  ^  0 


(4.15) 


(4. 16) 


(4.17) 


(4.18) 


hence 

U ‘  I  0  >  =  | 0  >  -  ieG | 0 >  ^  | 0  >  .  (4.19) 

Thus  obviously,  the  vacuum  is  not  invariant  under  the  trans- 

•  t  i 

formation,  the  symmetry  is  broken.  However,  U '  | 0  >  must  behave 

as  the  vacuum  in  the  transformed  system.  Thus  we  can  say  the 
vacuum  is  degenerate. 

Examples  of  Spontaneous  Symmetry  Breakdown  in  Hydrodynamics 

We  can  find  examples  of  spontaneous  symmetry  breaking 

in  hydrodynamics.  Since  we  can  formulate  the  field  theory  so 

that  the  vacuum  expectation  value  corresponds  to  the  tempera- 

1 6 

ture  equal  to  zero,  equilibrium  state  of  the  system  ,  we 
must  be  able  to  solve  the  equations  so  that  certain  expecta¬ 
tion  values  are  determined.  We  must  expect  that  the  density. 
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energy  density,  and  pressure  be  non-vanishing  for  a  system 
at  equilibrium,  even  at  zero  temperature.  Therefore  we  will 
assume 


<0|p|0>  =  pQ 


(4.20) 


<  0  T  !  0  >  =  e 
1  oo 1  o 


(4.21) 


<0  T .  .  0>  =  - p  6.. 

1  ij'  ^ o  13 


(4.22) 


These  relations  are  useful  later.  First  consider  the  trans¬ 
formation  discussed  in  the  classical  theory  chapter. 


<p(x,t)  (O'  (x',t')  =  <J>(x,t)  +  <p 


(4.23) 


<f> 


o 


a  constant 


In  the  quantum  field  theory,  this  will  of  course  be  an  invar¬ 
iant  transformation,  but  the  conservation  equation  will  be 


+  V- [j(pV  +  Vp)]  =  0 


(4.24) 


the  continuity  equation  in  the  quantum  field  theory.  The 
generator  of  this  transformation  will  be 


d3x(p (x, t) ) 


(4.25) 
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Now  if  we  wish  to  look  for  symmetry  breaking,  we  consider 

<$L(J)(x,t)  =  i  [<£  (x,  t)  ,  G  ,  ]  =  i  i  =  -1  .  (4.26) 

CD 

Yo 

Therefore 

<0  |  6L4>  (x,  t)  |  0>  =  -1^0  .  (4.27) 

This  is  exactly  the  required  relation  for  spontaneously  broken 
symmetry.  Thus  we  know  there  exists  a  gapless  boson  which 
appears  through  a  pole  singularity  at  zero  energy  and  momentum, 
in  the  spectral  representation  of  the  two  point  function, 
<o|T(<f)(x,t),  N  °(x,,t,))|0>,  where  N  °  is  the  Noether  current 
associated  with  the  transformation.  Similarly  we  can  look  at 
the  other  transformation  considered  in  the  classical  field 
theory. 


^(x,t)  -*  ip  ( x  1  r  t  ’  )  =  ip  ( x  ,  t )  +  cpo 

■ 


\p  a  constant 
o 


(4.28) 


This  will  of  course  be  an  invariant  transformation  in  the 
quantum  field  theory,  with  the  current  conservation  equation 
modified  to 


-*■  1  .  -*•  . 
V  •  ^  (  ttV  +  Vtt) 


0  . 


TT 


(4.29) 


( 
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The  generator  of  this  transformation  is 


d  x  (tt  (x,  t) ) 


(4.30) 


Now  if  we  consider 


6 Lip  (x ,  t)  =  i  [ ^  (x ,  t)  ,  G  ,  ]  =  i  i  =  -1  , 


o 


(4.31) 


exactly  as  in  the  previous  case. 


<0  |  51  |  o>  =  -1  ^  0  , 


(4.32) 


and  we  have  another  spontaneously  broken  symmetry,  which 

results  in  the  existence  of  another  gapless  boson,  which 

appears  as  a  pole  singularity  at  zero  energy  and  momentum 

^  -> 

in  the  spectral  representation  of  <0  |  T(cf)(x,  t)  ,N  °(x,,t'))  |0>, 

ip  y 

r  o 

where  N  is  the  Noether  current  associated  with  the  trans- 

y 

formation . 

These  two  broken  symmetries  have  arisen  from  the 
structure  of  the  equations  and  the  canonical  quantization 
conditions  that  we  impose.  They  can  only  lead  to  mathematical 
identities  necessary  for  the  internal  consistency  of  the  theory. 
However,  there  should  be  some  broken  symmetries  which  we  can 
postulate  on  physical  grounds.  In  the  case  of  a  crystal,  the 
periodic  lattice  structure  indicates  a  broken  space-transla¬ 
tional  symmetry.  Or,  in  the  case  of  a  ferromagnet  the  aligned 
spins  in  a  ferromagnetic  state  seem  to  indicate  a  broken 
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spin-rotational  symmetry.  What  can  we  expect  for  the  system 
of  hydrodynamic  equations,  which  describe  a  continuous  media? 
Considering  a  real  gas  or  liquid  which  behaves  approximately 
hydrodynamically ,  we  know  there  is  some  property  of  the 
substance  which  is  not  Galilei  invariant,  since  the  velocity 
of  sound  changes  between  different  Galilei  frames  of  reference. 
And  as  we  have  shown,  the  equations  of  hydrodynamics  are 
Galilei  invariant.  This  seems  like  an  ideal  place  to  look 
for  a  broken  symmetry.  Indeed,  if  we  calculate  the  Lie 
derivative  of  the  matter  current  and  the  energy  current, 
under  Galilei  transformation,  we  find  these  vacuum  expectation 
values  do  not  vanish. 

We  have  calculated  the  Noether  current  in  the  quantum 
field  theory  chapter,  thus  we  can  construct  the  generator  of 
the  transformation 


G.  = 
1 


d^x  N  . (x , t) 
01 


dx  x  .  p  (x,  t)  -  t  tt  fp  (x,  t)  V  .  (x,  t)  +  V.  (x,  t)  p  (x,  t)  ] 

L  1  z  1  1  J 


.  (4.33) 


Then  using  the  commutation  relations  found  in  the  last 
chapter,  we  can  evaluate  the  Lie  derivative  of  the  matter 
current , 


-i6LJ  .  (x,  t)  =  [J  .  (x,  t) 
i  3  3 


'Gi]  =“i(SijP 


(x,  t)  +  i  ta .  j  . 

1  3 


(x,  t) 


(4.34) 


■ 
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where 


J.(x,t)  =  i(p (x, t)V^ (x, t)  +  (x,  t)  p  (x,  t) ) 


(4.35) 


Now  taking  the  vacuum  expectation  value,  we  can  see. 


<0|6LJ.  (x,t)  |0>  =  6.  .  <  0  I  p  (x,t)  I 0>  -  t<0 
1  3  13 


3 . J  .  (x,t)  I 0>.  (4.36) 

i  3  1 


The  first  term  is  <5^_.  pQ.  Since  we  may  take  the  derivative 
outside  of  the  vacuum  expectation  value,  and  the  vacuum 
expectation  value  is  space  translationally  invariant,  the 
second  term  vanishes.  So, 


<0  I  6  J  .  (x, t)  I 0> 
1  i  3  1 


=  6  .  .  p  ^  0 

1  j  o 


(4.37) 


Therefore  we  can  see  the  Galilei  symmetry  is  spontaneously 
broken.  This  relation  gives  us  information  about  the  longi¬ 
tudinal  excitations  which  exists  as  a  result  of  the  Goldstone 
theorem.  These  of  course  must  be  gapless,  and  correspond  to 
the  phonons  predicted  by  any  linearized  theory  of  the  hydro- 
dynamic  equations. 

We  can  also  gain  information  about  the  spectral 
functions  by  considering  the  variation  of  the  energy  current 

T.  under  the  Galilei  transformation. 

30 


-i6  T.  ( x ,  t )  =  [T  .  (x,  t)  ,  G  .  ] 

l  30  30  1 


=  -i5..T  (x,t)  +  iT.  .  (x,t)  +  it9  .T.  (x,t),  (4.38) 

13  00  13  130'' 


44 


so  we  can  see 

<0|SLT.  (x,  t)  |  0>  =  6  .  .<0  It  (x,t)|0>  —  <  0  1  T  .  .  (x ,  t)  I  0 >  - 

1  l  30  1  i]  1  00  '  1  1  13  '  1 

t<0 I  3 .T  .  (x, t) I 0>  .  (4.39) 

The  last  term  vanishes,  for  the  same  reason  as  before,  that 
the  vacuum  expectation  value  is  space  translationally  invar¬ 
iant.  The  other  two  terms  have  the  values  assumed  at  the 
beginning  of  this  section,  thus, 

<0|6LT.  (x,  t)  I  0>  =  6  .  .  (e  +p  )  7^  0  .  (4.40) 

1  1  90  1  id  o  ^o 


The  angular  momentum  generator  density 


M.  (x, t) 

ljo 


x  .  T  .  (x,  t)  -  x  .T  .  (x,  t) 
1  od  D  01 


(4.41) 


also  yields  a  Goldstone  type  commutator  under  Galilei  trans¬ 
formation,  but  this  is  due  to  the  relation  of  M . .  to  the 

IDO 

matter  current,  and  leads  to  no  new  information. 


Spectral  Representations 

We  take  the  following  spectral  representations 


<0 | p (x, t) p (x' , t 1 ) | 0>  = 


(2tt) 


’4  ik(x-x’) 
d  ke 


da)(s(k,0j)  6(k  -co)) 


0 


(4.42) 
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<0  ]  J  .  (x,  t)  p  (x  '  ,  t '  )  |  0  >  = — — y 

^  (2tt) 


\  4  ik (x-x' ) 

d  k  e  x 


00 

r  r 


doofk.a,(k,co).  6(k  -oo)l 
^  j  1  o  J 


(4.43) 


0 


<  0  |  J  .  (x,t)  J.  (x',t')  |0>  =  — t__ 
3  1  (2tt)J 


.,4  ik  (x-x  '  ) 
d  k  e  x 


dm 


k.k  . 


k.k  . 


{  (5  .  . - — J-)  am  (k ,  +  — -  j  aT  (k , co)  } 6  (k  —  co ) 


ID 


0 


(k>2 


(k>2 


o 


(4.44) 


Now  since  p  is  a  real  field  we  get  from  taking  the  complex 
conjugate  of  the  first  expression, 


CO 

doo  (s*  (-k  ,  go)  5  ( -k  —  oo ) } 

d 

0 


doo  (s  (-k,oo)  6  (-k  -go)) 


0 


(4.45) 


since  the  complex  conjugate  simply  reverses  to  order  of  the 
field.  Or  integrating  and  changing  the  sign  of  the  variables. 


S*(k,oo)  =  S  (k  ,  oo) 


(4.46) 


Furthermore,  if  we  assume  space  reflection  invariance,  we  get 


S(k,oo)  =  S(-k,oo) 


(4.47) 


The  two  point  function  <0 | J ^ (x, t) p (x ' , t ' ) | 0>  will  change  sign 
under  space  reflection,  if  we  assume  the  matter  current  re¬ 
verses  sign  under  the  same.  Since  the  spectral  representation 
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contains  a  factor  k_.  outside  the  spectral  function  a^(k,co), 
the  spectral  function  satisfies 

a^k.oo)  =  a,  (-k,aj)  .  (4.48) 

If  we  assume  time  reversal  invariance,  we  can  show, 

CT1  (ic,  oj)  =  c*(-k,<o)  ,  (4.49) 

the  calculation  is  in  the  appendix.  Then  these  two  relations 
imply, 

a^(k,co)  =  a^(k,Go)  .  (4.50) 

The  two  point  function  <0|j.(x,t)j.(x',t')|0>  has  a 

1  j  i  1 

contribution  from  the  transverse  spectrum  a  ,  and  the  longi¬ 
tudinal  spectrum,  a  .  Taking  the  divergence  of  the  expression 
with  either  index,  separates  out  the  longitudinal  part.  We 
show  in  the  appendix,  assuming  invariance  under  space  reflection 
implies , 

aT(k,a))  =  aT(-k,m)  (4.51a) 


a  (k,co) 


( — k ,  ca ) 


(4.51b) 


and  assuming  invariance  under  time  reversal  gives, 

aT  (k ,  oo)  =  aT(-k,m) 
aT  (k  ,co)  =  oT  (-k,aj) 


(4.52a) 


(4.52b) 
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Combining  these  two  results  yields 


crT(k,a))  =  a*  (k,  co) 


(4.53a) 


aL(k,oo)  =  aL(k/co) 


(4.53b) 


This  ensures 


<0  I  [Ji (x, t) , J  (x' ,  t ) ] I  0 >  =  0 


(4.54) 


Using  the  conservation  equations  we  can  get  relations 
between  the  spectral  functions.  Take  the  continuity  equation 


(x,t)  +  3.  y  (p  (x,  t)  V  .  (x,t)  +V.  (x,  t)  p  (x,  t))  =  0  .  (4.55) 

1  ^  1  2. 


Multiplying  by  p(x',t')  and  taking  the  vacuum  expectation 
value  leads  to, 


—  <0ip(x/t)p(x,,t')  0>  +  3  .  <0  J .  (x,t)p(x,,t')  0>  =  0  (4.56) 

a  U  11 


and  using  the  spectral  representations,  we  get, 


p  a)S(k,co)  =  k 2o1  (k,o)) 

o  j. 


(4.57) 


Multiplying  by  Jj(x',t')/  taking  vacuum  expectation  values, 
and  using  the  spectral  representations  yields 


ooa1(k,oo)  =  aL(k,aj) 


(4.58) 
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for  k^O.  This  shows  that  is  related  only  to  the  longitu¬ 
dinal  spectrum. 

Now  if  we  look  at  the  Goldstone  type  commutators,  we 

get 


<0 i -i5LJ .  (x,  t)  I 0>  =  <0  I  [ J . (x, t) ,G.  ]  |  0  >  = 

i  3.  j  i  1  j  l  1 


f^3 


d  x 


<0  |  [  J  .  (x,  t)  , 


x|p(x',t)]  |0>+  <0  |  [  J  (x,  t)  ,  -t  JAx'  ,  t)  ]  |  0> 


(4.59) 


We  have  shown, 


<0  I  [J . (x, t)  , J.  (x' , t) ]  I 0>  =  0 
1  j  i  1 


(4.60) 


thus 


<0  I  -i<SLJ  .  (x,  t)  I  0>  = 
i  l  3  1 


d3x'  (<0 |  [J .  (x, t) ,p (x' , t) ]  | 0  >x^)  .  (4.61) 


With  the  spectral  functions,  we  get 


■i6  .  ■  p  = 
130 


f  ,3  . 

f 

1 

d  x 

r> 

1  (2tt) 

d3ke^'(x  X'}  (  dcoa1(it,a))2kj)x^j  . 


0 


(4.62) 


Using  integration  by  parts,  and  then  integrating  over  x'  and 
k,  we  get 


-i6 .  .  p  =  - 2iS .  . 
iD  o  id 


dooa-^(o,a))  . 


(4.63) 


0 


Therefore 
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CO 


doocr ,  ( o,  go)  =  p  /2 
1  Ko 


(4.64) 


0 


This  shows  the  origin  of  the  Goldstone  boson  is  in  the 
longitudinal  spectrum. 

Sum  Rule 

Using  the  first  spectral  function,  we  can  derive 
a  sum  rule. 


oo 


<0  I  [ p (x, t)  , p (x' , t) ]  I 0>  = 


(  2tt) 


o 


3 


0 


(4.65) 


But 


=  -3  ^  p(x '  ,  t)  (-3  j  (  -  i6  (x-x'  )  )  ] 


Thus 


<0  |  [  p  (x,  t )  ,  p  (x '  ,  t)  ]  |  0>  =  -  ipQV26  (x-x'  ) 


(4.67) 


Therefore , 
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->  (  k  ) 

do3  ooS  (k,co)  =  — ■  .  (4.68) 

J  ^ 

0 

17 

Then  following  Takahashi  ,  if  we  assume. 


S(k,oj)  =  Z  (k)  6  (03-03  (k)  )  +  S  (k,03) 

c 


(4.69) 


with  lim  oo  (k)  =  0,  and  S  (k,o>)  the  contribution  of  the  con- 
£+0  c 
tinuum,  we  get 


Z  (k)  0)  (k)  + 


d03  03  S  (k,03)  = 

c  2 


0 


or 


03  (k)  = 


(k) 


1 


2Z(k)  Z  (k ) 


d03  03Sc(k  ,03) 


(4.70) 


(4.71) 


which  has  as  its  first  term,  the  Feynman  expression,  except 
for  a  factor  of  1/m  which  is  missing  because  of  the  difference 
in  the  definition  of  S(k,oj).  The  second  term  is  the  contribu¬ 
tion  of  the  continuum,  which  always  lowers  the  spectrum. 


Asymptotic  Field 

The  Ward-Takahashi  identity  reduced  to, 


i< 0  I 5LJ .  (x, t) 
1  3 


0> 


d4x 


0 ' <0 | T  f J  .  (x, t)  , N 
p  ^  3  y 


t')) |o>. 


(4.72) 


therefore  the  vacuum  expectation  value,  differentiation  and 
subsequent  integration  singles  out  the  contribution  of  the 
Goldstone  particle  .  Thus  if  we  put 
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+  (term  vanishing  when  integrated),  (4.73) 


then  B(x',t')  is  the  interpolating  field  of  the  massless 
boson,  and  AO')  is  the  equation  satisfied  by  the  asymptotic 
field.  AO')  is  of  the  form 


AO') 


(4.74) 


at' 


since  the  equation  must  describe  a  gapless  boson,  and  this 
equation  will  give  a  dispersion  relation  such  that  the  fre¬ 
quency  vanishes  for  vanishing  wave  vector.  As  shown  by 
1 8 

Takahashi  ,  for  the  Nambu- Jona-Lasinio  model,  the  asymptotic 
field  of  the  Goldstone  boson  carries  the  original  transfor¬ 
mation.  We  have  not  done  this  for  this  model,  but  one  should 
be  able  to  do  so  following  the  same  method. 

Deviation  from  Ideal  Gas  Law 
We  have  assumed 

<  0  I  T  (x,t)|0>  =  e  =  <  0  I  f  hV  •  pV  +  p  co  ( p  )  1  I  0  >  .  (4.75) 

OO  O  's' 


Now 


p  =  pQ  +  <5p  , 


(4.76) 


where  5p  is  a  first  order  quantity,  with 


52 


<  0 | 6  p  I  0  >  =  0  .  (4.77) 

Then  if  we  also  consider  V  a  first  order  quantity  with 

<  0 | V | 0  >  =  0  ,  (4.78) 


the 


energy  density  is  a  second 


e  =  ^  p  <0  |  (V)  2  |  0>  +  f— 
°  2  °  ^PQ 


order  quantity 

|f(po))<0|(«p)2 


given  by 

0>  .  (4.79) 


Now  looking  at 


<0 | T .  . I 0>  =  -  p  6  .  . 
1  ID1  ^o  13 


(4.80) 


and  putting  in  the  explicit 
sideration,  we  find 


form  of  T  .  .  , 
ID 


using  the  above  con- 


<0  It.  .  I  o>  =  -  fp  <o|v.v.|o>  +  6.  .<o|^|o>l 

13  ^  o  13  13  J 


(4.81) 


Now  assuming  the  correlations  between  different  components  of 
velocity  are  of  higher  order,  we  get. 


<0  T. .  0>  =  -p  6 . . 
1  13 1  ^o  13 


=  -  6  .  . (p  \ 

11^0  3 


<0 


(V) 


o>  +  <o|X|  o>) 


(4.82) 


Comparing  the  expressions  for  the  equilibrium  energy  density 
and  pressure. 
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p 

o 


r 

<o|„£|o> 

W 


ff-i-  |E(po))<0 

3  v pn  3  p  o  J 


(6  p )  I  0 > 


(4.33) 


Therefore  the  system  deviates  from  the  ideal  gas  behaviour  by 
the  vacuum  expectation  value  of  the  Lagrangian,  and  an  amount 
proportional  to  the  mean  square  density  fluctuation,  which 
must  correspond  to  a  virial  expansion.  This  deviation  allows 
us  to  hope  that  the  theory  can  include  information  about 
transport  coefficients,  such  as  viscosity,  arising  out  of 
quantum  corrections,  even  though  the  original  classical  equa¬ 
tions  describe  an  inviscid  fluid. 

A  generalization  of  the  theory  to  finite  temperatures 

19  20  21 

will  allow  the  use  of  the  Kubo  '  '  type  formulas  for  the 

viscosity.  For  example,  the  coefficients  of  viscosity  n  and  £ 
may  be  obtained  from 


n(6.  .  -LJ.)  +  lirn  lim 

13  3  (K)2  (it)2  4  co-0  it-0  ^ 


A  -i(k.x-cot) 
d  x  e 


k  k 

l 

n ,m  (k) 


<  0  I  (t  .  (x ,  t)  T  .  (o,o)+T.  (o,o)T.  (x,  t)  1  I  0  > 

1  ^  lm  jn  3n  im  ; 


(4. 34) 


where  n  is  the  shear  viscosity,  and  £  the  bulk  viscosity. 


CHAPTER  V 


SUMMARY,  CONCLUSIONS  AND  FUTURE  OUTLOOK 

Classical  hydrodynamics  describes  the  motion  of  a 
massive  continuous  medium,  whose  dynamics  are  governed  by 
Newton's  laws,  and  the  principle  of  conservation  of  mass. 

The  state  of  the  system  is  specified  by  the  hydrodynamic 
variables,  the  density,  velocity,  and  pressure;  and  since 
it  is  a  continuous  medium,  it  is  meaningful  to  speak  of 
these  variables  as  space  and  time  dependent  functions.  In 
the  Euler  formalism  of  hydrodynamics,  we  can  consider  the 
hydrodynamics  variables  as  fields,  and  the  hydrodynamic 
equations  as  field  equations. 

The  hydrodynamic  equations  for  an  inviscid  fluid, 

+  (V- V)  V  =  -  -  Vp  (5.1) 

d  t  P 

+  V- (pv)  =  0  ,  (5.2) 

express  the  conservation  of  momentum  and  the  conservation  of 
mass;  four  equations  among  five  variables.  To  close  this 
system  of  equations  we  assume  the  condition  of  barotropy, 
that  the  pressure  is  a  function  of  density  alone.  Such  a 
condition  severely  restricts  the  applicability  of  our  theory, 
however  we  do  leave  some  freedom,  since  we  do  not  specify  the 
functional  dependence  of  the  pressure  on  the  density,  except 
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to  the  extent  that  it  be  analytic.  The  condition  of  barotropy 
allows  us  to  write  the  right  hand  side  of  equation  (5.1)  as 
the  gradient  of  a  function  of  p. 

To  obtain  the  equations  of  barotropic  inviscid  hydro¬ 
dynamics  from  a  Lagrangian,  through  a  variational  principle, 
we  modify  the  equations  with  the  Clebsch  transformation, 

V  =  -  Vcf>  +  XVip  .  (5.3) 


Using  the  theorem,  which  applies  to  an  inviscid  barotropic 
fluid,  that  the  flux  of  the  curl  of  the  velocity,  through 
any  surface  which  moves  with  the  fluid,  does  not  change  in 
time;  we  get  two  equations,  on  the  variables  X  and  ip ,  which 
describe  the  curl  of  the  velocity,  that  their  derivatives 
moving  with  the  fluid  vanish.  Then  equation  (5.1),  with  the 
Clebsch  variables,  may  be  integrated  over  the  spatial  coor¬ 
dinates  to  give  the  Bernoulli  equation.  These  three  equations 
and  the  continuity  equation  are  obtained  from  a  Lagrangian, 


X  (*)  =  P 


i  -  Xjj  -  y(-V<J>  +  XVip)  2  - 


p(p)-p(p  ) 

( - o-^->dP 


(5.4) 


by  varying  with  respect  to  X ,  \p ,  p,  and  (j) . 

Considering  p  and  X  as  canonical  coordinates  is  not 
advantageous,  since  their  canonically  conjugate  momenta 
vanish  identically.  This  is  incompa tiable  with  canonical 
quantization,  since  this  procedure  assumes  the  commutator 
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between  a  canonical  coordinate , and  its  conjugate  momentum, 
is  non-vanishing.  As  we  use  canonical  quantization,  we 
interpret  this  Lagrangian  as  having  been  obtained  from  a 
Hamiltonian,  with  the  dependence  of  the  conjugate  momenta 
on  the  canonical  coordinates,  not  yet  replaced.  With  this 
view,  <J>  and  \p  are  the  canonical  coordinates,  with  conjugate 
momenta  p  and  tt  =  -  pX  ,  respectively.  Using  the  Lagrangian, 
and  Noether's  theorem,  we  show  that  the  continuity  equation, 
and  the  equations  for  tt  and  i \> ,  may  be  obtained  from  transfor¬ 
mations  of  the  field  variables  which  leave  the  Lagrangian 
invariant . 

The  Hamiltonian  is  seen  to  be  positive  definite  if 
p(p)  is  a  monotone  increasing  function  of  p,  although  this 
condition  is  not  necessary,  it  is  physically  reasonable.  The 
field  equations  now  follow  from  the  Hamiltonian,  varying  with 
<J> ,  ip ,  p  and  tt. 

We  next  proceed  to  the  quantum  field  theory  of  hydro¬ 
dynamics.  This  involves  reinterpreting  the  hydrodynamic 
field  variables  as  quantum  field  theoretical  operators,  which 
do  not  necessarily  commute.  Then,  the  classical  expression 
for  the  velocity  is  ambiguous,  since  it  contains  the  product 
of  non-commuting  operators,  and  we  do  not  know  which  order  to 
take  in  the  quantum  theory.  We  resolve  this  by  taking  the 
symmetrized  expression  for  the  velocity. 


2p 


V  =  -  Vcj> 


(irVip  +  V^tt  ) 


(5.5) 


We  do  not  have  to  symmetrize  with  respect  top,  since  we  know 
that  pwill  commute  with  the  other  variables  tt  and  ip ,  and  thei 


derivatives.  With  this  expression  for  the  velocity,  we  can 
determine  the  Hamiltonian,  which  should  be  hermitean,  and 
yield  the  correct  equations  of  motion.  The  equations  of 
motion  themselves  contain  products  of  various  non-commuting 
opera tors , and  the  Hamiltonian 


(5.6) 


provides  us  with  a  hermitean  form,  which  generalizes  the 
equations  of  motion,  so  that  they  are  no  longer  ambiguous  as 
to  order  of  operators,  with  the  least  amount  of  complexity. 
These  equations  of  motion  are  obtained  through  the  usual 
canonical  variational  procedure,  but  when  we  complete  the 
quantization  by  assuming  the  canonical  commutation  relations 


[<f>  (x,  t)  ,p  (x  '  ,  t)  ]  =  i<5(x-x') 


(5.7a) 


(x,  t)  ,  TT  (x  '  ,  t)  ]  =  i6(x-x') 


(5.7b) 


and  all  other  commutators  zero, 


the  equations  follow  from  the  Heisenberg  equation, 


i^a=  [<!>„,  H] 


(5.8) 


where  (p  stands  for  <j) ,  \p ,  p,  and  tt  . 
06 
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With  the  quantized  system,  we  may  use  the  Lagrangian, 
and  the  Noether  theorem  to  obtain  conservation  laws  from 
invariant  transformations.  It  is  here  we  obtain  the  conserved 
currents  from  space  and  time  translation,  which  yields  the 
energy  momentum  tensor,  and  the  orbital  angular  momentum,  from 
space  rotation.  These  conserved  currents  may  be  taken  directly 
into  the  classical  theory,  and  simplify  considerably  when  we 
allow  the  operators  to  commute.  One  other  transformation  we 
consider  is  the  Galilei  transformation.  We  show  the  Lagrangian 
is  invariant  for  a  finite  velocity  in  the  Galilei  transforma¬ 
tion.  Then  taking  the  infinitesimal  limit  by  dropping  second 
order  terms,  we  use  the  Noether  theorem  to  obtain  the  conserved 
current.  Again  this  current  may  be  taken  classically. 

Next  we  consider  the  spontaneous  breakdown  of  symmetry. 
The  spontaneous  breakdown  of  symmetry  occurs  when  there  is  a 
transformation  which  leaves  the  Lagrangian  invariant,  but  the 
vacuum  is  not  invariant  under  the  transformation.  If  the 
vacuum  is  not  invariant  under  the  transformation,  the  genera¬ 
tor  of  the  transformation  does  not  annihilate  the  vacuum.  If 
the  vacuum  expectation  value  of  the  Lie  derivative  of  a  field 
variable  is  not  zero,  the  generator  of  the  transformation 
does  not  annihilate  the  vacuum,  since 

-i<  0  |£(5L  (p  |0>  =  <0  I  [<f>  ,  G]  I  0  >  ^  0  (5.9) 

1  Ya  1  1  a  1 

where  G  is  the  generator  of  the  transformation,  cf>  a  field 

ct 

variable.  Now  using  the  Ward-Takahashi  identity  and  the 
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spectral  representation,  we  show  that  there  must  exist  a 
gapless  boson,  the  Goldstone  boson,  if  the  symmetry  is 
spontaneously  broken. 

We  show  three  examples  of  the  spontaneous  breakdown 

of  symmetry  in  hydrodynamics.  The  two  field  translation 

invariances  of  <p  and  ip ,  are  spontaneously  broken.  More 

importantly,  the  Galilei  transformation  is  spontaneously 

broken,  when  we  assume  certain  physical  values  for  the  vacuum 

expectation  values  of  p ,  T  ,  and  T. ..  The  non-vanishing  Lie 
c  oo  13  3 

derivative  of  the  matter  current  under  the  transformation 
gives  the  Goldstone  boson,  which  has  its  origin  in  the  longi¬ 
tudinal  spectrum. 

We  use  the  spectral  representations  of  the  two  point 
functions  <0  I J  .  (x, t) p (x ' , t ' )  I 0>  and  <  0  I  J  .  (x ,  t)  J  .  (x '  ,  t '  )  I  0> 
and  assuming  space  reflection  and  time  reversal  invariance  to 
obtain  information  about  the  spectral  functions,  to  show  the 
origin  of  the  Goldstone  boson  in  the  longitudinal  spectrum. 

We  do  not  prove  this,  but  we  should  be  able  to  show  that  the 
asymptotic  field  of  the  Goldstone  boson  carries  the  original 
Galilei  transformation. 

The  spectral  function  of  <0|p(x,t)p(x',t,)|0>  satisfies 
a  sum  rule,  which  we  can  show.  This  spectral  function  is 
directly  related  to  the  dynamic  structure  factor.  Using  the 
sum  rule,  and  assuming  a  form  for  the  dynamic  structure 
factor,  we  obtain  an  expression  for  the  frequency  spectrum, 
which  agrees  qualitatively  with  the  Feynman  expression. 
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except  for  the  factor  of  1/m,  and  a  contribution  from  the 
continuum,  which  lowers  the  spectrum. 

Finally  we  show  the  system  deviates  from  ideal  gas 
behaviour  characterized  by  the  relation. 


Thus  there  exists  a  virial  expansion,  and  we  can  hope  that 
the  transverse  spectrum  exists  as  a  result  of  quantum 
corrections,  even  though  the  original  classical  equations 
describe  an  inviscid  fluid. 

We  may  conclude  from  the  field  theory  of  hydrodynamics, 
that  the  hydrodynamic  equations  describing  a  barotropic 
inviscid  fluid  may  be  consistently  formulated  as  field 
equations,  obtainable  from  a  Lagrangian  and  Hamiltonian, 
through  a  variational  principle.  Invariant  transformations 
and  the  Noether  theorem  readily  allow  us  to  obtain  conserved 
currents.  Following  the  usual  canonical  quantization  proce¬ 
dure,  yields  the  quantum  field  theory  of  the  hydrodynamic 
equations  in  a  logical  and  consistent  manner.  We  are  faced 
with  the  ambiguity  of  order  of  operators  to  be  taken,  when 
interpreting  a  classical  product  of  non-commuting  variables 
in  the  quantum  theory.  However,  we  can  suitably  generalize 
the  classical  expressions  by  symmetrizing  the  ambigious 
products,  and  we  can  obtain  these  generalized  equations 
consistently  from  a  hermitean  Hamiltonian. 


. 
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Finally  the  spontaneous  breakdown  of  Galilei  invariance 
gives  us  a  Goldstone  boson,  which  originates  in  the  longitu¬ 
dinal  spectrum. 

Future  work  in  the  field  theory  of  hydrodynamics  should 
involve  three  major  directions;  complete  examination  of  the 
transverse  excited  mode,  interacting  field,  and  superfluid. 

The  transverse  excitations  should  contribute  to  the  transport 
coefficients,  which  may  be  obtained  from  the  Kubo  type  for¬ 
mulas.  There  is  always  the  problem  of  time  reversal  asymmetry, 
how  can  a  quantum  field  theory,  which  is  assumed  time  reversal 
invariant,  predict  macroscopically  observed  coefficients  which 
occur  in  inherently  time  reversal  non-invariant  expressions? 

A  detailed  examination  of  the  linear  response  theory  would  be 
necessary  to  answer  the  question. 

The  most  useful  interaction  to  consider  would  be  the 
electromagnetic  interaction.  This  may  well  be  important  to 
hydrodynamic  plasmas . 

Finally  the  successful  application  of  quantum  hydro¬ 
dynamics  to  superfluids  would  be  tremendously  important.  At 
low  enough  temperatures,  the  thermal  wavelength  of  the  par¬ 
ticles  easily  extends  over  many  atomic  distances.  Considering 
such  medium  as  a  hydrodynamic  system  is  plausible.  However 
it  is  not  obvious  how  one  would  have  to  modify  the  equations, 
to  incorporate  the  role  of  statistics  in  superfluidity. 


APPENDIX 


Pari ty 

The  hydrodynamic  equations  and  commutation  relations 
are  invariant  under  space  reflection, 


x  -+•  x ' 


t  t' 


t 


L 


space  reflection 


if  we  impose 


( A .  1 ) 


4>a(x,t)  -*»  <J>P(x',t;)  =  4>a(x,t) 


(A. 2) 


where  (x,t)  stands  for  <j)(x,t),  ip(x,t),  p(x,t)  and  Tr(x,t). 
oc 

The  equations  are  invariant,  is  easily  seen,  since  the 
derivatives  transform  as 


8  . 
l 


8 


t 


-> 


(A. 3) 


Thus , 


V.  (x,  t)->  VP  ($'  ,  t'  )  =  -9  !(|)P  (x*  ,  t'  ) - -= -  x 

1  1  1  o  P  /-*■  .  .  .  \ 

2  p  (x' ,  t'  ) 


7TP  (x  '  ,  t '  )  (9  ^P  (x  '  ,  t '  ) )  +  ("9^P  (x'  ,  t'  ) )  ttP  (x'  ,  t'  ) 


=  -  -9^<f>(x,t)  -  2p~(~jr  t)  (x,  t)  9  ^  (x,  t)  +9  ^  (x,  t)  it  (x,  t)) 
=  -  V. ( x , t )  (A. 4) 
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Then  if  we  inspect  the  hydrodynamic  equations ,  we  see  that 
the  only  combinations  that  involve  Vi  or  9^  always  have  a 
product  of  these  two  quantities,  thus  the  hydrodynamic  equa¬ 
tions  are  invariant  under  space  reflection.  Now  since  the 
hydrodynamic  equations  are  invariant,  we  may  quantize  the 
field  in  the  space  reflected  world,  giving  commutation 
relations 


iS (x ' -y ' ) 


[4jP  (x  '  ,  t '  )  ,  ttP  (y  '  ,  t '  )  ] 

x  y  t.=t. 

x  y 

and  all  other  commutators 


=  i5 

zero. 


(A. 5a) 


(A. 5b) 


But  these  must  be  valid  for  all  values  of  x',  y',  so  we  may 

vary  x'  to  -x'  =  x.  The  right  hand  sides  are  unchanged,  and 

t '  =  t  ,  t '  =  t  ,  thus 
x  x  y  y 


[<f)P  (x,  t  )  ,  pP  (y,  t  )  ] 

x  y 


=  iS (x-y)  = 


t  =t 
x  y 


[(})  (x,  t  )  ,  p  (y,  t  )  ] 
x  y 


t  =  t 
x  y 


(A.  6a) 


[^P  (x,  t  )  ,  ttP  (y,  t  )  ] 

x  y 


t  =t 

X  y 


is  (x-y)  =  [<J>  (x,  t  )  ,  p  (y,  t  )] 

x  y 


t  =  t 

x  y 


all  all  other  commutators  are  zero. 


(A. 6b) 
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Therefore  the  commutation  relations  are  invariant,  which 
implies  the  existence  of  a  unitary  transformation  Gp  such 
that 

<}>P(£,t)  =  G"1^  (x,  t)  G  =  <p  (-x,t)  (A. 7) 

a  Pa  P  a 

where  <f>  ( x,t )  stands  for  cf)(x,t),  \p(x,t),  p(x,t)  and  7r(x,t), 

0 L 

and  the  vacuum  is  invariant  under  Gp. 

Then , 


<0 | J j (x, t) p (x ' , t ' )  | 0>  =  <0 | G~1J j (xrt)GpG~1p (x',t')Gp|0> 

=  <0  |  JP (x, t) pP (x' , t' ) | 0> 

=  <0  I  y[pP(x,t)VP(x,t)  +  VP(x,t)pP(x,t)]pP(x',t')|0> 

^  3  3 

=  -<0 | Jj (-x, t) p (-x ' , t ' ) | 0>  .  (A. 8) 


So 


(2tt) 


a4keik(x-x') 


dook  .an  (k,a))  5  (k  -co)  = 
3  1  o 


1 


0 


(  2  TT  ) 


d4k  e-lk  "  x_x 


x  e 


-ik  ( t-t ' ) 
o 


k  .a,  (k,co)  6  (k  -co) 
j  1  o 


(A. 9) 


0 


Equating  Fourier  coefficients  after  changing  k  -k  in  the 
right  hand  side,  we  get 


a^(k,co)  =  a^(-k,w) 


(A. 10) 
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The  third  spectral  function  gives 


<0 | (x, t) Ji (x'  , t ' )  | 0>  =  <0 |Gp1J^ (x, t)GpGp1Ji (x' , t' )Gp | 0> 


=  <0 | JP (x, t) JP (x ' , t' ) | 0> 
3  i 


<0  |  J  .  (-x,t)  J  .  (-X'  ,  t'  )|  0>  . 
1  j  i  1 


(A. 11) 


Replacing  with  the  spectral  representation, 


1 


(  2  7T  ) 


d4keik(x-xM 


0 


r  k .  k  .  k .  k  .  > 

dco  \  ( 5  .  . - y-)  am  (k,  co )  +  — (K,wH6(k  — cd) 

l  1 3  (k)^  T  (k)  L  J  ° 


1 


(  2  TT  )  3  J 


d4keik(x-x') 


0 


f  k.k.  ^  k.k.  > 

daw  (6.  . — j^-)  am (-k ,03)+  o  (-k,a)b  5(k  -go ) 
l  (kf  T  (kf  L  )  ° 


(A. 12) 


where  k  -+  -k  has  already  been  done  in  the  right  hand  side. 
Equating  Fourier  coefficients,  then  multiplying  by  k^  and 
summing  over  i,  gives 

aL(k,oo)  =  aL(-k,a))  .  (A. 13) 

Then  equality  of  Fourier  components  implies 

lc  k  k  k 

( 6  .  .  — tt1)  aT  =  (6  •  .  -  j'-9^  )  (-k ,  m)  ,  (A .  14 ) 

i3  (k)2  L  1D  (k  r 

as  the  second  term  cancels  from  both  sides.  Taking  the  trace 
of  this,  over  i  and  j,  gives 
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aT(k,aj)  =  aT(-k,a)) 


(A. 15) 


Time  Reversal 


Time  reversal  is  the  transformation 


x  -*  x*  = 


X 


t  ->  t'  =  -t 


time  reversal  , 


(A. 16) 


and  the  hydrodynamic  equations  are  invariant,  if  we  impose 


<|>(x,t)  +  (J)R(x',t')  =  -  (|) T  ( x ,  t ) 

( x ,  t )  i|;R  ( x  '  ,t'  )  =  -  (x ,  t ) 
p(x,t)  +  pR(x',t')  =  pT(x,t) 

TT  (X  ,  t)  ->  7TR(x',t')  =  TTT(x,t) 

where  T  stands  for  the  transpose.  This  is  readily 
notice 


(A. 17a) 

(A. 17b) 

(A. 17c) 

(A . 17d) 


seen  if  we 


3  .  +  3  '  =  3  . 

ill 


3 


t 


(A. 18) 


and 
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tR/"*.  .  .  X  »  I  .  R  »  1 


V±(x,t)  -+  VV'  (x  '  , t ' )  =-3:r(x',t')  - 


2pR (x ' , t 1 ) 


TT 


R(x'  ,t')  (a^K(x'  ,  t'  ))  +  (3^K(x'  ,  t'  ))  TTK(x'  ,  t'  ) 


R 


R 


R 


m 

—  3  (x,t)- 


rn  - C  7TT  (x,  t)(a  .  ijj1  (3,  t)  )  +3  .  l|/  (x,t)TTX(x  ,t)) 

2p 1 (x,  t)  1  1 


T 


T  ,-*■  T,-> 


T  -> 

-v:(x,t) 


(A. 19) 


The  Bernoulli  equation 


<J>  =  o 


j  V2  +  j  +  Vipir)  •  V  +  V  ~(ir  ( Vip  )  +  ( Vip  )  it) 


+ 


dp  (p  ) 
P 


(A. 20) 


taking  the  transpose, 


V-*T>  =j(-vT)+| 


.  rn  rp  __y  m  rp  _>.rn  -*-T 

(tt  (V  (-ij;1)  )  +  (V  (-ip  ))7T  )  •  (-V  )  +  (-V  ) 


2  P 


1  -0T(V  (-ij,T)  )  +  (V(-/) 


2p 


TT  j 


+ 


(A. 21) 
P 


where  minus  signs  have  been  inserted.  Now  replacing 


-y 

X 


■>  X  '  = 


X 


3 : 
1 


3  . 

l 


(A. 22) 


t  +  t'  =  -t 


3  .  3  , 

t  t 


=  -3 


and  using  the  imposed  transformation  properties  of  the  field. 


we  find 
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3^f>R(x',t')  =  y(vR(x',t')) 


bpR(5,/t') 


1 


x 


dp ( pR) 


+  (  V  '  R  ( x  1  ,  t'  ))ttR($'  ,t'  ))  + 


(A. 23) 


Therefore  the  Bernoulli  equation  is  invariant  under  time 
reversal.  The  remaining  equations  can  be  verified  to  be 
invariant  in  just  as  straightforward  a  manner.  Then  we 
may  quantize  the  system  in  the  time  reversed  coordinate  system, 
thus  we  get  the  commutation  relations 

[  cj) R  (x  '  ,  t '  )  ,  pR  (y  '  ,  t  *  )  1  =  iS(x'-y')  (A. 24a) 

X  y  t'=t' 

x  y 

[ipR  (x  '  ,  t '  )  ,  ttR  (y  '  ,  t '  )  ]  =  i5(x'-y')  (A. 24b) 

X  Y  t'=t' 

x  y 

all  other  commutators  zero. 

Now  these  are  valid  for  all  times  t'  =  t'  =  t' ,  so  if  we  vary 

x  y  2 

— t  — V  ->•  § 

t'  ->  -t'  =  t,  and  replace  x'  ,  y'  with  x,  y,  since  these  are 


equal,  we  obtain 
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Then 


[<j)R(x,  t  )  ,  pR  (y,  t  )  ] 

x  y 

[^R(x, t  ) , ttR  (y ,  t  )  ] 

x  y 


i6 (x-y) 


iS (x-y) 


(A. 25a) 


(A. 25b) 


[<f>R  (x,  t  )  ,  pR  (y ,  t  )  ] 

x  y 


=  i5  (x-y)  =  [<f>  (x,  t  )  ,  p  (y ,  t  )  ] 

t  =t  x  Y 

x  y 


t  =t 
x  y 


(A. 26a) 


(*, tx) 


/  pR (y , ty) ] 


=  i<S  (x-y)  =  [if)  (x,  t  )  ,  p  (y ,  t  )  ] 

t  =t  x  y  t  =t 

x  y  x  y 


(A. 26b) 


the  equal  time  commutation  relations  are  invariant, 
exists  a  unitary  transformation  G  ,  such  that 

(J)R(x/t)  =  G^tf)  (x,  t)  Gr  =  -cj)T(x,-t) 

i|)R(x,t)  =  Gr%  (x,  t)  Gr  =- -ipT  (x, -t) 

pR(x,t)  =GR1p(x,t)GR  =  pT(x,-t) 

TTR(x,t)  =  G  ^7T  (x,  t)  G  =  TTT(x,-t) 

K  K 

and  G  | 0  >  =  | 0  >  . 

K 


So  there 


(A. 27a) 


(A. 27b) 


( A. 27c ) 


( A . 27d) 


Now  looking  at  the  two  point  function, 


/ 
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<0 | J .  (x,  t)  p  (x'  ,  t'  )  I 0>  =  <0 iG^Cx, t ) G  G  Xp ( x ' ,  t 1 ) G_ I  0  > 

J  R  K  R  R 

=<0|jR(x,t)pR(x',t') | 0> 

=  -<0|jT(x,-t)pT(x,,-t')  I  0 > 

3  1 

=  -  <0  I  (p  (x*  ,-t'  )  J  (x,-t)  )T  I  0> 

=  -  <0 [ p  (x ' , -t* ) J j (x,-t)  | 0> 

=  -<0|jh(x,-t)p(x',-t')|0>  .  (A. 28) 


Replacing  with  the  spectral  representation. 


(2tt) 


-,4  ik(x-x') 
a  k  e 


0 


dook  .a,  (k,  a) )  8  (k  -go) 
3  1  o 


1 


(  2  TT  ) 


.  -ik.(x-x')  -ik  (t-t') 

-]4  o 

a  k  e  e 


dook_.  a*  (k ,  go)  6  (k^-oo) 


0 


(A. 29) 


->  -> 


Changing  k  -k  in  the  right  hand  side,  and  equating  Fourier 


coefficients,  we  get 


a  1  (k ,  co)  =  a*(-k,oo) 


(A. 30) 


Now  using  the  result  from  space  reflection  invariance,  we 


obtain 
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(k ,  go)  =  a  ^  (k ,  oo )  . 


(A. 31) 


The  third  spectral  function 


<0 | J  (x, t) J.  (x',t')  |0>  =  <0|Gn1J.  (x, t) GdG  1 J .  (x' , t? )Gd | 0> 

J  1  KJ  KKl  K 


<0 | Jj (x, t) J?(x' , t' ) | 0> 


<0 | J T (x, -t) jT (x ' ,  -t'  )  |0> 


<0  |  (jt(x,,-t,)Jj(x,-t))|0> 


=  <0  I J .  (x',-t')J.  (x,  -t)  I 0> 

i  j  1 


=  <0  I J\  (x,-t) Ji (x' ,-t' )  I 0>  .  (A. 32) 


Using  the  spectral  representations, 


( 2  TT  ) 


d4keik(x-x') 


0 


r  k .  k  .  k .  k  . 

doo-j  (6  .  . — ^  j )  a  (it,  go)  +  ■  v  j  gt  (it,  go)  (k  -go) 
1=1  ( 1  h  J 


(k) 


o 


(  2tt  ) 


,  -ik •  x-x '  -ik  (t-t') 
d4ke  e  ° 


dco  x 


0 


k  .  k  .  k  .  k  . 

(6  •  • - ^"^0  G*  (ic,G0)  +  i  j  O*  (5t,  GO)  (k^“Go)  • 

1D  (k)  1 


~^~2  UT 

(it)2  L 


(A. 33) 


Changing  k  -*■  -k  on  the  right  hand  side,  then  equating  Fourier 


coefficients , 
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k.k.  k.  k  . 

(6  •  • ^—J)  a T(k,co)  +  j  a  (k,co) 

3  (P2  (k)  L 

k  .  k  .  k  .  k  .  ^ 

=  («.  .  -  -^-)a*  (-k,a>)  +  a*(-k,u)  ,  (A. 34) 

1]  (X)2  T  (k)  L 


multiplying  by  k_^  and  summing  over  i ,  the  longitudinal  part 
separates,  giving 


aL(k,oj)  =  a  (-k,o))  , 


(A. 35) 


then  this  drops  out  of  the  equation,  and  taking  the  trace 
yields , 

oT(k,co)  =  a*(-k,£o)  .  (A. 36) 

Now  applying  the  results  of  space  reflection  invariance,  we 


get 


aL  (k  ,co)  =  oT  (k,  oo ) 


(A. 37a) 


aT(k,oo)  =  c?*(k,oo) 


(A. 37b) 


Now  we  can  easily  show 


<0  I  [J.(x,t),J.  (x 1 , t ' ) ]  I 0>  =  <0 | J  .  (x,  t) J .  (x',t)  I  0  > 

1  1  t=t'  3  i 


-  <0|jj(x,t)J^(x',t)  |  0  > 


1 


(  2  7T  ) 


4  ik.(x-x') 

d  k  e 


k.k  . 


k.k  . 


A 


0 


doo-j  (6.  . — j— j-)  a  (ic,&))+  1  jaT(k,a))>  6  (k -a>) 

l  i3  (jt)2  T  r£h2  L  J  ° 


(k) 


1 


( 2  7 r)' 


4  iit-(x-x') 
d  k  e 


dooj  (6  .  . — j-) a  (k , oo)  + . --  j-  aT  (k,oo)  }  5  (k  -qj). 

I  !3  (£)2  T  (£}2  L  j  o 


k.k. 


0 


(A. 38) 
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f  -y 

changing  k  -k  in  the  second  term. 


(  2  TT  ) 


d4keik*  x  ^  |  dooj  (6  ^  r-  — )  qt  (k,  co) +-^-jaL  (k ,  a)) 

o  (k) 


k.k 

ST 


-  (5.. — — — 1)  a*  (-it,  oo)  +— (”k,  co )  1<5  (k  -co)  (A. 39) 


k.k 


ij  (it)2  T 


(it)2  L 


this  obviously  vanishes  from  the  above  results. 
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